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Name:

Cosmology: Exam 2: Final Exam

Instructions: There are 20 multiple-choice questions each worth 2 marks for a total
of 40 marks altogether. Choose the BEST answer, completion, etc., and darken fully the
appropriate circle on the table provided below. Read all responses carefully. NOTE, long
detailed preambles and responses do NOT depend on hidden keywords: keywords in such
preambles and responses are bold-faced capitalized.

There are SIX full-answer questions each worth 10 marks for a total of 60 marks
altogether. Answer them all on the paper provided. It is important that you SHOW
(SHOW, SHOW, SHOW) how you got the answer.

This is a CLOSED-BOOK/NOTES/WEB/OUTSIDE-WORLD ACCESS
exam. NO cheat sheets allowed. NO outside sources of any kind allowed. Calculators
and phones are permitted for calculations only. The test is out of 100 marks altogether.

This a 2-hour exam. Remember your name (and write it down on the exam too).

Answer Table for the Multiple-Choice Questions

a b c d e a b c d e

1. O O O O O 11. O O O O O

2. O O O O O 12. O O O O O

3. O O O O O 13. O O O O O

4. O O O O O 14. O O O O O

5. O O O O O 15. O O O O O

6. O O O O O 16. O O O O O

7. O O O O O 17. O O O O O

8. O O O O O 18. O O O O O

9. O O O O O 19. O O O O O

10. O O O O O 20. O O O O O
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004 qmult 00100 1 4 2 easy deducto-memory: Stonehenge midsummer sunrise
1. Stonehenge demonstrates that some prehistoric people:

a) could predict eclipses.
b) knew the northernmost rising location of the Sun.
c) knew nothing of astronomy.
d) knew more than the ancient Greeks about the universe.
e) suffered from back pain.

SUGGESTED ANSWER: (b) The answer can be confined by minimal
knowledge. It is often said, even by yours truly, that the Sun rises over the
Heel Stone on the summer solstice. Actually, this is only approximately true. In
fact, the Heel Stone may have had a companion stone. The two stones framed
the point where Sun actually rose. The line from the center of Stonehenge to
that point has been called the Solar Corridor.

Wrong answers:
a) Not the best answer since the theory that Neolithic Britons could predict

eclipses is very unlikely to be true.
c) Most people know now of the Stonehenge-astronomy connection.
d) Not likely after all one can say about Greek astronomy
e) A nonsense answer although probably true of some of them—maybe all of

them some of the time.

Redaction: Jeffery, 2001jan01

004 qmult 00300 1 1 5 easy memory: sexagesimal angular units
2. Sexagesimal angular units were introduced in astronomy insofar as we know by:

a) the Mayans. b) the Pueblo Indians. c) Isaac Newton (1642/3–1727).
d) Renaissance astronomers. e) the ancient Babylonians.

SUGGESTED ANSWER: (e)

I believe this is correct. The Babylonians used degrees (i.e., 360 degrees
in a circle) (No-39) which are at least sort of sexagesimal. They certainly had
sexagesimal arithmetic and Neugebauer (Ne-17) confirms they used sexagesimal
math in astronomy. But did they use arcminutes and arcseconds? Everything
implies that they did at least in computation. I think that the use of degrees
suffices to make the question correct, but I wish someone would confirm if they
had or had not arcminutes and arcseconds as explicit units.

The Sumerians invented sexagesimal in the 3rd millennium BCE, but I
don’t think there is any evidence that they used it in astronomy. Wikipedia:
Sexagesimal fails to elucidate this fine point, but relying on my fading memory
of Neugebauer, I the Babylonians are the first recorded astronomers to use it in
astronomy.

Wrong answers:
a) Sexagesimal angular units were used in the Old World long before the New

was contacted.
b) It doesn’t seem likely.
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c) They are older than him.
d) Could be plausible.

Redaction: Jeffery, 2001jan01

004 qmult 02010 1 4 5 easy deducto-memory: Aristotelian cosmology dogma
3. “Let’s play Jeopardy! For $100, the answer is: A cosmology that became something of

a philosophical dogma in Greco-Roman Antiquity, the Medieval Islamic and European
societies, and in Europe up until the 17th century.”

What is , Alex?

a) Democritean cosmology b) Newtonian cosmology
c) Big Bang cosmology d) inflation cosmology e) Aristotelian cosmology

SUGGESTED ANSWER: (e)

Wrong answers:
a) Democritus (460?–370? BCE) had an interesting atomist cosmology that

unfortunately was still flat-Earth.

Redaction: Jeffery, 2001jan01

004 qmult 02020 1 4 4 easy deducto-memory: Copernicus reason for heliocentrism
4. A key reason (perhaps the most important reason) that led Copernicus to propose the

heliocentric Solar System was to:

a) get rid of uniform circular motion.
b) appease the Sun god.
c) answer Galileo’s insult.
d) get a prediction of the relative positions of the planets.
e) prove that the universe was infinite.

SUGGESTED ANSWER: (d)

Wrong answers:
a) Ah, but he kept uniform circular motion.
b) C’mon.
c) Copernicus lived before Galileo and the answer sounds nonsensical anyway.
e) Actually, he was sort of against the infinite universe, but he was forced to

conclude it was very big.

Redaction: Jeffery, 2001jan01

004 qmult 02202 1 1 3 easy memory: Kepler’s 3rd law
Extra keywords: physci KB-24-12

5. According to Kepler’s 3rd law, the orbital period of a planet (i.e., the planet’s year)
depends on planet:

a) mass. b) diameter. c) distance from Sun. d) color. e) axis tilt.

SUGGESTED ANSWER: (c)

Wrong answers:
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d) As Lurch would say: “Aaaarh.”

Redaction: Jeffery, 2001jan01

004 qmult 02430 2 4 3 moderate deducto-memory: Galileo’s discoveries

6. Galileo did NOT discover:

a) the four largest moons of Jupiter. b) the full phases of Venus. c) the
moons of Mars. d) sunspots. e) the mountainous surface of the Moon.

SUGGESTED ANSWER: (c) See Se-65. The answer can be deduced from
what Galileo could have seen with a small telescope. This is a combination
Chapter 4 and 23 question, but mostly 4.

Wrong answers:

e) All things are wrong.

Redaction: Jeffery, 2001jan01

025 qmult 00600 1 4 2 easy deducto-memory: Karl Schwarzschild and his solution

7. “Let’s play Jeopardy! For $100, the answer is: He/she is the discoverer of the analytic
exact solution for the general relativity in massless-space outside of a non-rotating,
chargeless, spherically symmetric mass distribution.”

Who is , Alex?

a) Henrietta Swan Leavitt (1868–1921) b) Karl Schwarzschild (1873–1916)
c) Albert Einstein (1879–1955) d) Edwin Hubble (1889–1953)
e) Georges Lemâıtre (1894–1966)

SUGGESTED ANSWER: (b)

Wrong answers:

a) She was the discoverer of the period-luminosity relation for Cepheid variable
stars (No-488) while working at Harvard College Observatory. Distance
determinations by Hubble using this relation established the extragalactic
nature of the galaxies.

d) He observationally discovered the expansion of the universe and Hubble’s
law.

e) Lemâıtre had theoretically deduced Hubble’s law prior to the observational
discovery (No-524). He may not even have been the first to notice that such
a law must hold in simple general relativity cosmology.

Redaction: Jeffery, 2001jan01

025 qmult 01200 1 1 1 easy memory: supermassive black holes: basic idea

Extra keywords: CK-357

8. These black holes are found in the centers of large galaxies. They have masses of order
106 M⊙ to 109 M⊙. The name given to this kind of black hole is:

a) supermassive black hole. b) primordial black hole. c) Schwarzschild
black hole. d) singularity black hole. e) worst-case black hole.
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SUGGESTED ANSWER: (a)

Wrong answers:

e) As Lurch would say: “Aaaarh.”

Redaction: Jeffery, 2001jan01

026 qmult 00460 1 4 1 easy deducto-memory: Rosse discovers spirals

Extra keywords: CK-366, super-easy deduction question
9. The spiral structure of some nebulae was discovered in 1845 using visual astronomy

and the largest telescope of its time: the 183-cm diameter Leviathan of Parsonstown
located at Birr Castle, Parsonstown, Ireland. Because the spiral nebulae are rather
faint, it takes a large telescope to make out the spiral structure visually. With
long-exposure photography, it is relatively easy to discover spiral structure, but
astrophotography took a rather long ramp-up time and only detected spiral structure
clearly in 1885 more than 40 years after the invention of photography. The discovery
of the spiral structure was made by the builder of the Leviathan:

a) the Earl of Rosse (1800–1867). b) John Herschel (1792–1871).
c) Henrietta Swan Leavitt (1868–1921). d) Harlow Shapley (1885–1972).
e) Edwin Hubble (1889–1953).

SUGGESTED ANSWER: (a)

Wrong answers:
b) The son of William and nephew of 95-year old Caroline Herschel still going

strong in not in Ireland . . .

Redaction: Jeffery, 2001jan01

030 qmult 00460 1 4 3 easy deducto-memory: discoverer of Hubble’s law
Extra keywords: physci

10. “Let’s play Jeopardy! For $100, the answer is: He/she is the person who
observationally discovered Hubble’s law.”

Who is , Alex?

a) Henrietta Swan Leavitt (1868–1921) b) Knut Lundmark (1889–1958)
c) Edwin Hubble (1889–1953) d) Georges Lemâıtre (1894–1966)
e) Adriaan van Maanen (1884–1946)

SUGGESTED ANSWER: (c)

The story of the discovery of the expansion of the universe and Hubble’s law
(which is the form of the expansion) is complex. Some form of universal expansion
was gradually becoming apparent to astronomers from 1912 on, starting from
Vesto Slipher’s work on the redshifts of galaxies.

But convincing observational evidence of the expansion of the universe and
Hubble’s law came with Hubble in 1929. Knut Lundmark deserves some credit for
getting partway to it. Theoretically, the expansion was first suggested by Willem
de Sitter (1872–1934) in 1917 and Lemâıtre first demonstrated Hubble’s law as
a theoretical consequence of the Friedmann-equation models of the expanding
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universe in 1927 though it was little known till some years later. Lemâıtre, using
published data in the literature, even obtained a value of Hubble’s constant that
was not much worse than Hubble’s own value which was about 7 times too large
due an overall calibration error. Note, Lemâıtre did not observationally discover
Hubble’s law, but only showed that if did apply observationally then his value of
Hubble’s constant may have applied.

Wrong answers:

a) She was the discoverer of the period-luminosity relation for Cepheid variable
stars (No-488) while working at Harvard College Observatory. Distance
determinations by Hubble using this relation established the extragalactic
nature of the galaxies.

e) His mistaken observations of movement of the spiral arms of the spiral
nebulae worked against the acceptance of the extragalactic nature of these
objects (No-495).

Redaction: Jeffery, 2001jan01

030 qmult 00510 1 1 1 easy memory: Einstein universe finite, but unbounded

11. The Einstein universe is:

a) finite, but unbounded. b) finite and bounded.
c) infinite and unbounded. d) infinite, but bounded.
e) quasi-infinite and quasi-bounded.

SUGGESTED ANSWER: (a) See No-520.

Wrong answers:

e) As Lurch would say: “Aaaarh.”

Redaction: Jeffery, 2001jan01

030 qmult 00732 3 4 1 tough deducto-memory: Omega and curvature

Extra keywords: physci KB-670-32

12. The curvature of space in Friedmann-equation models is determined by the total
density parameter (i.e., total Ω or Omega which in this context does NOT include
the curvature density parameter which does NOT represent a real density). The total
density parameter is the ratio of total universal average mass-energy density to the
critical mass-energy density. The curvature possibilities are:

a) hyperbolic (Ω < 1), flat (Ω = 1), and hyperspherical (Ω > 1).

b) hyperspherical (Ω < 1), flat (Ω = 1), and hyperbolic (Ω > 1).

c) hyperbolic (Ω < 1), hyperspherical (Ω = 1), and flat (Ω > 1).

d) spiral (Ω < 1), elliptical (Ω = 1), and irregular (Ω > 1).

e) hypnotical (Ω < 1), sharp (Ω = 1), and hypercritical (Ω > 1).

SUGGESTED ANSWER: (a) See CL-11

Wrong answers:

d) Galaxy classification terminology has slipped in here.

e) As Lurch would say: “Aaaarh.”
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Redaction: Jeffery, 2001jan01

030 qmult 01000 1 1 1 easy memory: Lambda-CDM model defined
13. The Friedmann-equation Λ model (i.e., the Friedmann-equation model with a nonzero

cosmological constant Λ or nonzero dark energy) that has been the standard
cosmological model since circa 1995 is called the:

a) Λ-CDM model. b) Ω-CDM model. c) Λ-HDM model.
d) Ω-HDM model. e) discord model.

SUGGESTED ANSWER: (a)

Wrong answers:
e) Exactly wrong.

Redaction: Jeffery, 2001jan01

030 qmult 01330 1 1 3 easy memory: H and He from Big Bang nucleosynthesis
Extra keywords: physci KB-669-29

14. In Big Bang nucleosynthesis, the two most abundant products are:

a) hydrogen and iron in about a 1:1 mass ratio. b) hydrogen and helium in
about a 1:1 mass ratio. c) hydrogen and helium in about a 3:1 mass ratio.
d) hydrogen and iron in about a 3:1 mass ratio. e) helium and iron in equal
amounts by mass.

SUGGESTED ANSWER: (c)

Wrong answers:
e) As Lurch would say: “Aaaarh.”

Redaction: Jeffery, 2001jan01

030 qmult 01372 1 4 2 easy deducto-memory: CMB temperature present-day
15. “Let’s play Jeopardy! For $100, the answer is: It is the temperature of the cosmic

microwave background (CMB) in the present-day observable universe.”

What is , Alex?

a) 15.7 × 106 K b) 2.72548 K c) 5777 K d) about 3000 K e) 300 K

SUGGESTED ANSWER: (b)

Wrong answers:
a) This is the model temperature for the Sun’s center (Cox-342).
c) This is the effective temperature of the Sun’s photosphere (Cox-341).
d) This is the CMB temperature at about the epoch of recombination (FK-670)

which is about when our pocket universe became transparent to the CMB.
e) This is about 27◦C which is a warmish temperature for human.

Redaction: Jeffery, 2001jan01

030 qmult 01500 1 4 5 easy deducto-memory: inflation defined
Extra keywords: CK-446
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16. “Let’s play Jeopardy! For $100, the answer is: It is name for the super-rapid expansion
that the observable universe and maybe beyond may have undergone at very early
times.

What is , Alex?

a) inoculation b) infestation c) hybridization d) hydration
e) inflation

SUGGESTED ANSWER: (e)

Wrong answers:
d) Hydration is to chemically combine with water (Ba-591).

Redaction: Jeffery, 2001jan01

003 qmult 00410 1 4 5 easy deducto-memory: Bertrand’s theorem, the inverse-square and
linear forces

Extra keywords: (Go3-92)
17. “Let’s play Jeopardy! For $100, the answer is: The theorem that states that the only

attractive central forces that give closed orbits for all bound orbits are the inverse-
square law force and the attractive linear force (AKA Hooke’s law force or the radial
harmonic oscillator force). All attractive central forces give closed CIRCULAR
orbits, of course.”

What is , Alex?

a) the virial theorem b) Euler’s theogonic proof
c) the brachistochrone problem d) Schubert’s unfinished symphony
e) Bertrand’s theorem

SUGGESTED ANSWER: (e)

Newton himself showed that the inverse-square law force and attractive
linear force (AKA radial harmonic oscillator force) give closed orbits for all
bound orbits and that these orbits were elliptical orbits. In the former case,
the center of force was at one focus of the elliptical orbit (the other focus
being just empty point in space of no obvious significance) and in the latter
case, the center of force is the geometric center of the elliptical orbit (see
Isaac Newton: Principia translated and annotated by Ian Bruce, Book I,
Section 2 introduction). But it was beyond the mathematical technique of
Newton’s day to show that those two force laws were the only two that give
closed orbits for all bound orbits.

Wrong answers:
a) Out of two plausible answers, that’s the wrong one.
b) I seem to recall that when confronted with that notorious Deist and scoffer

Voltaire, Euler presented him with several pages of advanced math ending
with “and so God exists, QED.”

d) Was it Schubert who died in mid symphony?

Redaction: Jeffery, 2001jan01
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003 qmult 00950 1 1 3 easy memory: age of universe for single density component solutions
18. The single density component (inverse) power-law solutions to the Friedmann equation

are

a = a0

[

√

Ωp,0

(p

2

)

H0t
]2/p

= a0

[(p

2

)

H0t
]2/p

= a0

[

t

(2/p)H−1
0

]2/p

,

where 0 indicates cosmic present, a0 is the cosmic present scale factor (conventionally
set to 1), H0 is the Hubble constant, Ωp,0 = 1 for a single density component solution,
and p is the (inverse) power of the single power of the a that occurs on the right-hand
side of the Friedmann equation which in a scaled form is

(

ȧ

a

)2

=
∑

p

Ωp,0

(a0

a

)p

.

What is the age of the universe for a single density component solution?

a) (p/2)H0. b) (2/p)H0. c) (2/p)H−1
0 . d) (p/2)H−1

0 e) H0/p.

SUGGESTED ANSWER: (c)

Wrong answers:
e) As Lurch would say AAAAaaaargh.

Redaction: Jeffery, 2008jan01

004 qmult 00150 1 1 2 easy memory: proper distance to the antipodal point
19. For a positive curvature space (i.e., k = 1 space with a0 being the dimensioned

absolute value of the Gaussian curvature radius), the proper distance to the antipodal
point (i.e., the antipode of the observer) according to the Robertson-Walker metric
formulation at cosmic present is

a) a0. b) πa0. c) 2πa0. d) a0/2. e) a0/4.

SUGGESTED ANSWER: (b) The Robertson-Walker metric is

ds2 = c2 dt2 − a(t)2
[

dr2

1 − kr2
+ r2

(

dθ2 + sin2 θ dφ2
)

]

,

where ds2 = dτ2 is the spacetime interval squared (CL-10; Wikipedia: Spacetime:
Spacetime interval) and also the proper time differential squared dτ2 in the
convention adopted here (CL-10). The a(t) is the physical curvature radius
and r is the conventional dimensionless comoving coordinate and t is cosmic
time. The r coordinate is proportional to tangential proper distance at any time.
The alternative conventional dimensionless comoving coordinate is χ though this
symbol may just be the particular choice of CL-11. The χ is proportional to the
radial proper distance at any time. Note,

r =







sin(χ) for k = 1 (positive curvature space);
χ for k = 0 (flat space);
sinh(χ) for k = −1 (negative curvature space)
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and

dr =















cos(χ) dχ =

√

1 − sin2(χ) dχ =
√

1 − r2 dχ for k = 1 (positive curvature space);

dχ for k = 0 (flat space);

cosh(χ) dχ =

√

1 + sinh2(χ) dχ =
√

1 + r2 dχ for k = −1 (negative curvature space),

where we have used the hyperbolic identity cosh2(χ) − sinh2(χ) = 1 (Wikipedia:
Hyperbolic functions: Useful relations). We now find

dχ =
dr√

1 − kr2
.

Note, if dt = 0, then ds corresponds to a proper distance (i.e., a spacetime
interval that is measurable at one instant in cosmic time with a ruler).

There are two ways of seeing for positive curvature space (i.e., k = 1 space)
that the antipodal point is at proper distance πa0 at cosmic present. First, any
circumference about the origin is perpendicular to a radius from the origin, and
thus can be calculated from the tangential proper distance for dφ = 0. One
obtains 2πra0 = 2πa0 sin(χ). At the antipodal point all the radii converge, and
so the circumference there is 0. Thus χ = π.

Second, the surface area of a 2-sphere (which is just an ordinary sphere: see
Wikipedia: n-sphere) surrounding the origin πa2

0r
2 = πa2

0 sin2(χ) goes to zero
when sin(π) = 0. Thus, χ = π must give the antipodal point from the origin.

By either way, πa0 is the proper distance to the origin at cosmic present.

Wrong answers:
a) A nonsense answer.

Redaction: Jeffery, 2008jan01

004 qmult 00220 1 4 5 easy deducto-memory: Robertson-Walker metric identified
20. “Let’s play Jeopardy! For $100, the answer is:

ds2 = c2 dt2 − a(t)2
[

dr2

1 − kr2
+ r2

(

dθ2 + sin2 θ dφ2
)

]

.

What is the metric, Alex?

a) Einstein-Hilbert b) de-Sitter-Schwarzschild c) Eddington-Lemâıtre
d) Milne-McCrea e) Robertson-Walker

SUGGESTED ANSWER: (e)

Wrong answers:
a) As Lurch would say AAAARGH.
c) Alexander Friedmann and Georges Lemâıtre independently derived the

Robertson-Walker metric in the 1920s and it is sometimes called the
Friedmann-Lemâıtre-Robertson-Walker metric (FLRM metric), but that is
too longwinded to say. Robertson and Walker in the 1930s generalized the
derivation.
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Redaction: Jeffery, 2008jan01

004 qfull 00400 1 3 0 easy math: prove Hubble’s law from the RW metric
21. The Robertson-Walker metric in standard form is

ds2 = c2 dt2 − a(t)2
[

dr2

1 − kr2
+ r2

(

dθ2 + sin2 θ dφ2
)

]

.

Note, r is the radial comoving coordinate chosen so that r is proportional to proper
distance in the transverse direction (i.e., the direction perpendicular to the radial
direction).

Prove Hubble’s law in general form from the Robertson-Walker metric: i.e., prove

vR = HDP ,

where vR = ḊP is the recession velocity, H = ȧ/a is the Hubble parameter, and DP

is proper (radial) distance. Note, proper distance

DP =

∫

√

−ds2

with dt = 0 since proper distance is a spacetime interval that can be measured at one
instant in cosmic time.

The general form of Hubble’s law is an exact result, but alas containing two
quantities that are not direct observables, vR and DP, except asymptotically as z → 0
or, in other words, in the limit where the 1st-order-in-small-z formulae can be treated
as exact. The observational Hubble’s law is

vred = H0DP,1st ,

where vred = zc is redshift velocity (a direct observable) and DP,1st is proper distance
to 1st order in small z as measured from luminosity distance or angular diameter
distance (which are direct observables). The observational Hubble’s law is very
plausible a priori, but a formal proof is left to a later problem.

SUGGESTED ANSWER:

For a proper distance along a radial direction (for which dθ = 0 and dφ = 0),
we have

DP =

∫

√

−ds2 = a(t)

∫ r

0

dr′√
1 − kr′2

= a(t)χ(r) ,

where χ(r) is just the displayed integral which is, in fact, time independent. Thus

vR = ḊP = ȧχ(r) .

Dividing the second by the first expression and rearranging, we get

1)
vR

DP
=

ȧ

a
2) vR =

ȧ

a
DP = HDP 3) vR = HDP QED.
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Redaction: Jeffery, 2018jan01

004 qfull 00500 1 3 0 easy math: cosmological time dilation and cosmological redshift
22. The Robertson-Walker metric (RW metric) in standard form is

ds2 = c2 dt2 − a(t)2
[

dr2

1 − kr2
+ r2(dθ2 + sin2 θ dφ2)

]

.

Note, r is the radial comoving coordinate chosen so that r is proportional to proper
distance in the transverse direction (i.e., the direction perpendicular to the radial
direction).

NOTE: There are parts a,b,c,d. The parts can be done independently, so don’t
stop if you can’t do one.

a) A light signal from a light source at comoving coordinate r distant from an
observer travels to the observer. The emission and arrival spacetime events for
the light signal are separated by a light-like interval: i.e., one for which ds2 = 0
everywhere along the light signal path. Starting from the RW metric prove that

χ(r) =

∫ r

0

dr′√
1 − kr′2

=

∫ t0

t

c dt′

a(t′)
= η(t0) − η(t) = ∆η ,

where χ(r) is just the r integral, η(t) is conformal time (which has differential
definition dη = c dt/a(t)), t is the cosmic time of emission, and t0 is the cosmic
time of observation (i.e., the cosmic present), Note, ∆η is the conformal time
change for light to travel from the light source at comoving coordinate r to the
observer. What does the proven result imply about ∆η relative to t and t0?

b) For light signals coming from comoving coordinate r to the observer, prove the
differential cosmological time-dilation formula (CL-16,19):

dt0
a0

=
dt

a(t)
or

dt0
dt

=
a0

a(t)
,

where t is the cosmic time of emission, t0 is the cosmic time of observation (i.e., the
cosmic present), a0 = a(t0), dt is the differential time between two emitted light
signals, and dt0 is the differential time between the corresponding two observed
signals. HINT: For fixed r, the comoving frame coordinate χ(r) from part (a)
is independent of both t and t0 with each of these depending only on the other.
Take the derivative ∂χ(r)/∂t and make use of the chain rule.

c) Prove the cosmological redshift formula 1+z = a0/a(t). HINT: You will have to
use the part (b) answer to relate frequency of emission to frequency of reception
assuming the inverse frequencies are adequately approximated as differential time
periods. Recall, observationally z = (λ0 − λ)/λ.

d) The cosmological redshift formula is a very useful connecting the direct observable
cosmological redshift z and the scaling up of the universe since a light signal was
emitted a0/a(t). Why can’t it be used to directly determine the cosmic scale
factor function of time a(t)?
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SUGGESTED ANSWER:

a) Behold:

1)
dr2

1 − kr2
=

c2 dt2

a(t)2
2) ± dr√

1 − kr2
=

c dt

a(t)

3) ± [χ(0) − χ(r)] = ±
∫ 0

r

dr′√
1 − kr′2

=

∫ t0

t

c dt′

a(t′)

4) − [χ(0) − χ(r)] = −
∫ 0

r

dr′√
1 − kr′2

=

∫ t0

t

c dt′

a(t′)
= η(t0) − η(t) = ∆η

5) χ(r) − χ(0) =

∫ r

0

dr′√
1 − kr′2

=

∫ t0

t

c dt′

a(t′)

6) χ(r) =

∫ r

0

dr′√
1 − kr′2

=

∫ t0

t

c dt′

a(t′)
= η(t0) − η(t) = ∆η ,

where we have taken the arrival point (i.e., χ(0) = 0 where the observer is
located) to be the origin and chosen the physically correct root for this arrival
point since the conformal time integral must be positive. The proven result
implies that ∆η is independent of t and t0. No matter when a light signal
starts or arrives from the light source, it always takes the same conformal
time change: i.e., ∆η = χ(r). Note, t and t0 do depend on each other: i.e.,

t0 = η−1 [χ(r) + η(t)] .

b) Behold:

1)
∂χ(r)

∂t
= 0 =

dη(t0)

dt
− dη(t)

dt
=

dη(t0)

dt0

dt0
dt

− dη(t)

dt
2) 0 =

c

a(t0)

dt0
dt

− c

a(t)

3)
dt0
a0

=
dt

a(t)
4)

dt0
dt

=
a0

a(t)
.

c) Behold:

1)
dt0
a0

=
dt

a(t)
2)

1

ν0a0
=

1

νa(t)
3)

λ0

a0
=

λ

a(t)
4)

λ0

λ
=

a0

a(t)

5) z =
λ0 − λ

λ
=

λ0

λ
− 1 =

a0

a(t)
− 1 6) 1 + z =

a0

a(t)
QED.

d) The redshift formula gives us a0/a(t), but it does not tells us what t is, and
so it does not give the cosmic scale factor as a function of t. In fact, the
time of emission t is not a direct observable in most people’s opinion so far
as yours truly knows. It would be great if galaxies had clock faces showing
cosmic time, but they don’t.

Redaction: Jeffery, 2018jan01
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006 qfull 00320 1 3 0 easy math: The cosmic evolution of the primordial photon gas/CMB.
23. The primordial photon gas (which is conventionly called the cosmic microwave

background (CMB) even before it redshifts into the microwave band) after
recombination is only weakly affected by matter and other interactions, and photon
number in any box scaling with the expansion of the universe is conserved to excellent
approximation.

There are parts a,b,c,d. On exams, do ONLY parts a,b,c. Parts a,b,c can be
done independently, so don’t stop if you can’t do one.

a) Prove that the energy density of the CMB obeys

ǫ = ǫ0

(a0

a

)4

,

where 0 refers to a fiducial cosmic time which could be cosmic present and a is
the cosmic scale factor. Note, we are not assuming the specific intensity has any
particular distribution.

b) Planck’s law (AKA the blackbody specific intensity spectrum) in the frequency
representation is

Bν =
2hν3

c2

1

ex − 1
, where x =

hν

kT
=

hc

kTλ
.

Show that the CMB obeys this law at any general time t provided it obeys it at
the fiducial time t0 where a = a0 and temperature is T0. HINT: The photons in
a frequency bin dν = (a0/a) dν0 stay in that frequency bin as the universe evolves,
and so obey the same energy scaling as the overall CMB. Thus at general time t,
we have

Iν dν =
(a0

a

)4

Bν0
dν0 ,

where we have assumed the specific intensity at the fiducial time obeys Planck’s
law. The proof requires showing that Iν dν = Bν dν using a temperature
parameter T that obeys a simple formula depending on the cosmic scale factor a.
Why is this temperature parameter T the actual temperature at general time t?

c) Given that the CMB specific intensity obeys Planck’s law, its energy density is

ǫ = aRT 4 ,

where aR is the radiation density constant (usually symbolized by a) and T is
the temperature. Using the part (b) answer find the energy density at general
time t in terms of the energy density ǫ0 at fiducial time t0. (Note, t and t0 do
not appear explicitly in the answer.) Is the result consistent with the part (a)
answer?

d) It is quite possible to have a radiation field with a Planck’s law shape, but not size.
Say for example, say you have blackbody radiator sphere of radius R and you are
a distance r ≥ R from the sphere center. The emitted specific intensity beams all
have Bν , and so the shape of the spectrum at r obeys Planck’s law, but its size



15

is smaller. The effect is called geometrical dilution. Determine the geometrical
dilution factor W (µ) (where radial cosine µ = cos(θ)) from the integral for mean
specfic intensity Jν at r

Jν =
1

4π

∫ θ

0

∫ 2π

0

Bν sin(θ′) dθ′ dφ = WBν .

HINT: Transform the θ integral to a µ integral and draw a diagram.

SUGGESTED ANSWER:

a) Since photon number is conserved, photon density n goes as 1/a3. Now since
individual photon energy E goes as 1/a due to the cosmological redshift, we
must have

ǫ ∝ nE ∝
(

1

a3

)(

1

a

)

=
1

a4
, and so ǫ = ǫ0

(a0

a

)4

QED.

b) Behold:

Iν dν =
(a0

a

)4

Bν0
dν0 =

(a0

a

)4 2hν3
0

c2

1

ex0 − 1
dν0

=
2hν3

c2

1

ex0 − 1
dν =

2hν3

c2

1

ex − 1
dν

= Bν dν ,

provided we define temperature parameter T by

hν

kT
= x = x0 =

hν0

kT0
implying

T

ν
=

T0

ν0
,

and so

T =

(

ν

ν0

)

T0 =
(a0

a

)

T0 or compactly T =
(a0

a

)

T0 .

Since the specific intensity obeys Planck’s law (both in shape and size) at
general time t with temperature parameter T acting as temperature, clearly
T just is the temperature at general time t.

c) Using the part (b) answer, we have

ǫ = aRT 4 = aR

[

T0

(a0

a

)]4

=
(a0

a

)4

aRT 4
0 =

(a0

a

)4

ǫ0 .

This result is exactly consistent with the part (a) answer.

d) Let µ = cos θ, where θ is the angle measured from the radial direction from
the sphere center. Note,

sin(θ′) dθ′ = −dµ′
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and it is clear from a diagrm that the cosine of the angle from the radial
direction to the limb of the sphere is

µ = cos θ =

√
r2 − R2

r
=

√

1 −
(

R

r

)2

.

Behold:

W =
1

4π

∫ 1

µ

∫ 2π

0

dµ dφ =
1

2
(1 − µ) =

1

2



1 −

√

1 −
(

R

r

)2




or compactly

W =















































1

2



1 −

√

1 −
(

R

r

)2


 in general;

1

2
for R/r = 1: the sphere fills half the sky;

1

4

(

R

r

)2

to 2nd order in small R/r.

Redaction: Jeffery, 2018jan01

005 qfull 00110 1 3 0 easy math: radiation-matter universe somewhat completely
24. The Friedmann equation for the radiation-matter universe (which applies to the

observable universe from cosmic time zero to of order cosmic time 10 Gyr) in general
scaled form is

(

ẋ

x

)2

= Ω4,0x
−4 + Ω3,0x

−3

where x is the cosmic scale factor with x0 = 1 for cosmic present, τ = H0t is the
scaled cosmic time with t being cosmic time in standard time units and H0 being the
Hubble constant, Ω4,0 is the radiation density parameter for cosmic present, and Ω3,0

is the matter density parameter for cosmic present.
NOTE: There are parts a,b,c,d,e,f,g. On exams, do ONLY parts a,b,c. The

parts a,b,c can be done independently, and so don’t stop if you can’t do one.

a) Determine the radiation-matter equality scale factor xeq: i.e., the x value that
makes the radiation and matter mass-energy equal.

b) Defining y = x/xeq, rewrite the Friedmann equation into a nice integrable form
dw = f(y) dy (i.e., a special case scaled form), where w = τ/τsc is rescaled time
and the form has no symbolized constants (i.e., no explicit parameters). What is
τsc in terms of the density parameters?

c) Solve the Friedmann equation form found in part (b) for w(y) with w(y = 0) = 0.
You will need the table integral

∫

y dy√
1 + y

=
2

3
(y − 2)

√

1 + y .
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d) For w(y), write out the special cases w(y = 0), w(y) to 2nd order in small y,
w(y = 1) (at the radiation-matter equality), w(y = 2) (at 2 times the radition-
matter equality), w(y = 3) (at 3 times the radition-matter equality, which is where
the exact y(w) formula changes form), and w(y >> 1) (the large y asymptotic
limit).

e) Solve for the asymptotic limiting small w and large w forms of of the inverse
formula y(w).

f) Transform the limiting forms found in part (d) into the general scaled forms: i.e.,
into x(τ) forms.

g) This a challenging part if you have some time and are willing to do something
that is probably uninteresting to most people. Yours truly has probably spent
more time than it is worth trying to find good analytic approximate for solutions
x(τ) for cases where no exact solution exists or the exact solution exists,
but is too complex for easy understanding. In fact, the V model solutions
(Jeffery 2025) provide understandable exact solutions which are analogues to
the standard traditional, but non-exact, solutions for the Friedmann equation
found by Alexander Alexandrovich Friedmann (1888–1925), Georges Lemaitre
(1894–1966), Willem de Sitter (1872–1934), and others long ago. There may
be no better way in general to understand those standard traditional, but non-
exact, solutions than using those V model solution analogues. However, in special
cases, there may be. One special case, is the radiation-matter universe. In fact,
an exact solution for y(w) exists with two mathematically equivalent formulae
that look rather different (Jeffery 2026). But both formulae are too complex for
easy understanding. However, a fairly accurate, easy-to-understand interpolation
formula does exist that agrees asymptotically with the asymptotic limiting small
w and large w forms of y(w) found in part (d). See if you can find it. HINT:
The formula uses arctan[ysmall(w)] and it takes some playing around to find it.

SUGGESTED ANSWER:

a) Behold:

Ω4,0x
−4 = Ω3,0x

−3 implies xeq =
Ω4,0

Ω3,0
.

b) Behold:

1) dτ =
dx

x
√

Ω4,0x−4 + Ω3,0x−3
=

dy

y
√

Ω4,0x−4 + Ω3,0x−3
=

dy

y
√

Ω4,0x
−4
eq y−4 + Ω3,0x

−3
eq y−3

=
dy

y
√

Ω3,0x
−3
eq y−4 + Ω3,0x

−3
eq y−3

=
dy

y
√

Ω3,0x
−3
eq

√

y−4 + y−3

=
dy

y−1

√

Ω3,0x
−3
eq

√
1 + y

=
y dy

√

Ω3,0x
−3
eq

√
1 + y

2)

√

Ω3,0x
−3
eq dτ =

y dy√
1 + y

3)
Ω2

3,0

Ω
3/2
4,0

dτ =
y dy√
1 + y
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4) dw =
y dy√
1 + y

, where τsc =
Ω

3/2
4,0

Ω2
3,0

.

c) Behold:

w =

∫ y

0

y′ dy′

√
1 + y′

=
2

3
(y′ − 2)

√

1 + y′

∣

∣

∣

∣

y

0

=
2

3
(y − 2)

√

1 + y +
4

3
.

d) Behold:

w =



































































































































































2

3
(y − 2)

√

1 + y +
4

3
in general.

0 for y = 0.

2

3
(y − 2)

(

1 +
y

2
− y2

8

)

+
4

3

=
4

3

[

−
(

1 − y

2

)

(

1 +
y

2
− y2

8

)

+ 1

]

=
4

3

(

3y2

8

)

=
y2

2
to 2nd order in small y.

−2

3

√
2 +

4

3
=

4

3

(

1 − 1√
2

)

= 0.390524291751 . . . for y = 1: i.e., for the radiation-matter equality.

4

3
= 1.333 . . . for y = 2: i.e., for 2 times the radiation-matter equality.

8

3
= 2.666 . . . for y = 3: i.e., for 3 times the radiation-matter equality

and where the exact inverse formula y(w) changes form.

2

3
y3/2 for y >> 1: i.e., for the large y asymptotic limit.

e) Behold:

yrad = (2w)1/2 and ymat =

(

3

2
w

)2/3

,

where the subscripts stand, respectively, for exact radiation universe solution
and exact matter universe solution. The matter universe solution is, in fact,
the Einstein-de Sitter universe in doubly scaled form. The usual standard
scaled form for the Einstein-de Sitter universe is obtained as follows:

1) y =

(

3

2
w

)2/3

2)
x

xeq
=

(

3

2

τ

τsc

)2/3

3) x
Ω3,0

Ω4,0
=

1

Ω4,0

(

Ω2
3,0

3

2
τ

)2/3

4) x =

(

√

Ω3,0
3

2
τ

)2/3

5) x =

(

3

2
τ

)2/3

,
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where Ω3,0 = 1 for the Einstein-de Sitter universe where there is only one
mass-energy component which is matter (i.e., non-relativistic matter).

f) Behold:

xrad =

[

2x2
eq

(

Ω2
3,0

Ω
3/2
4,0

)

τ

]1/2

=
(

2
√

Ω4,0 τ
)1/2

xmat =

[

3

2
x3/2

eq

(

Ω2
3,0

Ω
3/2
4,0

)

τ

]2/3

=

(

3

2

√

Ω3,0 τ

)2/3

.

g) An approach to interpolation formulae for radiation-matter universe leads us
to formulae that start as the pure radiation universe solution and then using
a linear-saturation formula (speaking a bit loosely) transitions to the matter
universe solution gradually. All the interpolation formulae considered, of
course, obey

yinterpol =











yrad = (2w)1/2 for w << 1.

ymat =

(

3

2
w

)2/3

for w >> 1.
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After some playing around, the following formulae were considered:

yinterpol =







































































































































































































(

yrad

1 + yrad

)

(1 + ymat) Making use of the simple

linear-staturation formula
to effect the transition.

tanh(yrad)(1 + ymat) Making use of the hyperoblic
tangent’s small argument
linearity and
large argument
saturation property.

arctan[yrad/(π/2)]

(π/2)
(1 + ymat) Making use of the

=

{

arctan[(2w)1/2/(π/2)]

(π/2)

}

arctangent’s small argument

×
[

1 +

(

3

2
w

)2/3
]

linearity and large

argument saturation property.

S
[

1 − e−[yrad+gw]/S
]

Where the constants

+ymat

(

1 − e−hw4/3
)

S = 1/C, g, and h

are chosen to make the
formula agree with the
exact radiation-matter
universe solution
to order w2 in small w.

Of the three interpolation formulae using a linear-saturation formula, the
simple linear-saturation formula is the poorest, the tangent linear-saturation
formula is only a little better, and the arctangent linear-saturation formula
is much better. The differences are just due to the peculiarities of these
formulae.

To determine the relative error of our formulae, we specified y and
calculate the exact w for that y from the exact radiation-matter universe
solution w(y) and then used the calculated w in the interpolation formulae
to find the approximate y values for the calculated w value.

For arctangent linear-saturation formula, relative error goes to zero as
w1/2 as w → 0, is ∼ −1 × 10−3 at w = 4.9983 . . . × 10−5 rises to ∼ 0.045
at w = 0.108588 . . . then falls to ∼ −0.03 at w = 8/3, and then is falling
asymptotically toward zero reaching ∼ −0.044 as w = 3853 . . . . Over
the range w ∈ [4.9983 . . . , 8/3], the root mean-square error of representative
sample of points is ∼ 0.02. on the path to slowly going asymptotically to 0.

For the last formula, the constants can be determined from exact
formulae which are too complex to be worth writing out explicitly for each
of C, g, and h. The C constant is determined from a quadratic whose value
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feeds into a formula for g which and then C and g feed into a formula for h.
We have not done this calculation yet. However, the values are expected to
be of order 1. In fact, using values of 1 for all the constants except g = 4/3
(which makes the formula agree to first order in w with the exact formula),
the last formula gives a solution which has a greater maximum error than the
arctangent linear-saturation formula by a factor of order 3, but is significantly
more accurate as w → 0 and asymptotically as w grows large.

Fortran-95 Code
print*,’Radiation-matter universe for y=1.’

w=(4.0_np/3.0_np)*(1.0_np-1.0_np/sqrt(2.0_np))

print*,’1,w’

print*,1,w

! 1 0.39052429175126996742

! 123456789a123456789b

Redaction: Jeffery, 2018jan01

003 qfull 00820 1 3 0 easy math: 1-component solutions to the scaled Friedmann equation
25. The scaled Friedmann equation for multi-component (inverse) power-law density

components is

h2 =

(

ẋ

x

)2

=
∑

p

Ωp,0x
−p ,

where 0 indicates the fiducial time which may be cosmic present, h = H/H0 is the
scaled Hubble parameter with H0 being the Hubble constant, x = a/a0 is the scaled
cosmic scale factor, x0 = 1, ẋ = dx/dτ is the rate of change of the scaled cosmic scale
factor, τ = H0t = t/tH0

is the scaled time with tH0
being the Hubble time, the Ωp,0

are the density parameters for the density components at the fiducial time with their
sum being 1, and p are the powers of the power-law density components.
NOTE: There are parts a,b,c,d,e,f,g. On exams, do ONLY parts a,b,c.

a) Without words, derive the general asymptotic solution τ(x) and its inverse x(τ)
for the leading density component as τ → 0 (i.e., the density component with
highest p). As a shorthand, this solution can be called the early universe solution.
Assume p > 0. To avoid pointless generality, assume x(τ = 0) = 0 (i.e., there is
a point origin in time at time zero).

b) Without words, derive early universe formula for density parameter Ωp(τ) =
Ωp[x(τ)] for p > 0.

Note, Ωp(τ) = ρp(τ)/ρcrit(τ0), where ρcrit(τ0) is the critical density at cosmic
present τ0. In the asymptotic small τ limit, we have, of course, ρp(τ)/ρcrit(τ) = 1
since there is only one significant density at τ .

c) Without words, derive the special case early universe solutions x(τ) for p =
1, 2, 3, 4, 5.

d) Without words, derive the Hubble parameter h = ẋ/x and the deceleration
parameter q = −ẍx/(ẋ)2 = −ẍ/(xh2) for the general early universe with p > 0.
Simplify the latter as much as possible. For what p values is the universe in
positive/zero/negative acceleration?
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e) We now assume the universe has only one density component with power
p > 0. Without words, derive the general age of the universe formula (which
we assume to the fiducial time where x = 1) for τ and t and give the fiducial
value version for t with the Hubble time tH0

= (13.968 . . .Gyr)/h70, where
h70 = H0/[70 (km/s)/Mpc].

f) We assume the universe has only one density component with power p = 0.
Without words, derive x(τ) and x(t) assuming x(0) = 1. Note, this universe is
the de Sitter universe and the Hubble constant H0 =

√

Λ/3.

g) Students are now welcome to view a table in the answer to this part that
presents the single density component solutions plus relevant features for powers
p = 5, 4, 3, 2, 1, 0. Note, if we assume that the dependence of the density
components on the scale factor is due to a perfect fluid pressure obeying the
equation of state ppressure = wρc2 where w is a constant parameter (with no
special name), then power

p = 3(1 + w) .

The w values are included in the table.

SUGGESTED ANSWER:

a) Behold:

1) dτ =
dx

√

Ωp,0x−p/2+1
2) dτ =

1
√

Ωp,0

xp/2−1 dx

3) τ =
1

√

Ωp,0

(

2

p

)

xp/2 4) x =
[

√

Ωp,0

(p

2

)

τ
]2/p

.

b) Behold:

Ωp = Ωp,0x
−p = Ωp,0

[

√

Ωp,0

(p

2

)

τ
]−2

=
[(p

2

)

τ
]−2

.

Remarkably, no matter what the p > 0 value, the density falls as 1/τ2 and
there is no dependence on Ωp,0. Note, in general, Ωp = Ωp,0x(τ)−p, where
x(τ) is the general solution, not the asymptotic solution in the small τ limit.
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c) Behold:

x =























































































































































[

√

Ωp,0

(p

2

)

τ
]2/p

in general for p > 0.

[

√

Ω1,0

(

1

2

)

τ

]2

for p = 1 which could be an early quintessence universe.

[

√

Ω2,0(1)τ
]1

for p = 2 which could be an early

cosmic string universe
or an early Rh = ct universe.

[

√

Ω3,0

(

3

2

)

τ

]2/3

for p = 3 which is an early matter universe.

[

√

Ω4,0 (2) τ
]1/2

for p = 4 which is an early radiation universe.

[

√

Ω5,0

(

5

2

)

τ)

]2/5

for p = 5 which is for the impossible case

of an early universe dominated by classical kinetic energy.
Impossible because rest-mass mass-energy must dominate
if there were classical kinetic energy: i.e.,
the universe would have to be an early matter universe.

d) Behold:

h =
ẋ

x
=

(

2

p

)(

1

τ

)

and

q = − ẍx

(ẋ)2
= − ẍ

xh2
= −

(

2

p

)(

2

p
− 1

)(

1

τ2

)

(p

2

)2

τ2 = −
(p

2

)

(

2

p
− 1

)

=
p

2
− 1 ,

where for the universe, we find

{

p > 2 for negative acceleration.
p = 2 for zero acceleration.
p < 2 for positive acceleration.

e) Behold:

τ =
2

p
t =

2

p
tH0

=
2

p

[

(13.968 . . .Gyr)

h70

]

.

f) Behold:

1) dτ =
dx

x
2) τ − τ0 = ln

(

x

x0

)

3) x = eτ 4) x = e

(√
Λ/3
)

t
.
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The scaled Hubble parameter and deceleration parameter are, respectively

h = 1 and q = −1

and the unscaled versions are

H =

√

Λ

3
and q = −1 .

g) The table is below.

Table: Single Density Component Solutions for the Friedmann Equation
Plus Relevant Features for Powers p = 5, 4, 3, 2, 1, 0

p\Quantity w γ =
2

p
a(t) t0 =

γ

H0
q0 =

1

γ
− 1 ρ

3(1 + w)

{

w for

w 6= −1

}

2

[3(1 + w)]
a0

(

t

t0

)γ

γ

(

13.968 Gyr

h70

)











1

2
(1 + 3w)

=
p

2
− 1











ρ0

(

t0
t

)2

p = 5 w =
2

3
γ =

2

5
a0

(

t

t0

)2/5
2

5

1

H0

3

2
ρ0

(

t0
t

)2

p = 4 w =
1

3
γ =

1

2
a0

(

t

t0

)1/2
1

2

1

H0
1 ρ0

(

t0
t

)2

p = 3 w = 0 γ =
2

3
a0

(

t

t0

)2/3
2

3

1

H0

1

2
ρ0

(

t0
t

)2

p = 2 w = −1

3
γ = 1 a0

(

t

t0

)

1

H0
0 ρ0

(

t0
t

)2

p = 1 w = −2

3
γ = 2 a0

(

t

t0

)2
2

H0
−1

2
ρ0

(

t0
t

)2

p = 0 w = −1 γ = ∞ a0e
H0(t−t0) ∞ −1 ρ0

Redaction: Jeffery, 2018jan01

003 qfull 01260 1 3 0 easy math: quick derivation Friedmann, fluid, and acceleration
equations
26. Here we do the quick derivations of the Friedmann equation, the fluid equation, the

Friedmann acceleration equation, and some other results.
NOTE: There are parts a,b,c,d,e. On exams, do ONLY parts a,b,c,d. Note,

parts b and c can be done independently of part a, and so do not stop if you cannot
do part a. Part d requires parts a and b, but can be started without part b.
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a) Without words, derive the Friedmann equation in standard form (with the
cosmological constant force FΛ = (Λ/3)mr included) from classical physics with
the hypotheses that all free-fall frames are elementary inertial frames (as told to
us by general relativity) and that the shell theorem for a spherically symmetric
mass distribution can be extended to infinite distance (which is validated by
Birkhoff’s theorem from general relativity). The derivation makes use of the
classical conservation of mechanical energy. You should end up with a −k/a2

term among other things. You can a draw diagram if you like. HINT: Start
with the conservation of mechanical energy of a test particle of mass m and
energy E:

E =
1

2
mv2 − GMm

r
−
(

1

2

)

Λ

3
mr2 .

b) Without words and starting from the 1st law of thermodynamics

dE = T dS − p dV + µ dN ,

derive the cosmological fluid equation in standard form (which means with dS = 0
and dN = 0) and in a form with ρ̇a/ȧ equal to something for use in part (d).
Recall the rest-frame energy is E = ρc2V .

Note, the E in part (a) is the energy of the test particle and and the E
in part (b) is the energy of a clump of the medium. This is one of the those
cases where it seems best to use the same symbol to mean different things in one
problem.

c) Specialize the fluid equation to the special case where the equation of state is
p = wρc2 where w is the equation-of-state parameter (which seems to have no
special name). Determine the explicit solution ρ(a) for the special case where
ρ0 = ρ(a0). HINT: You will have to eliminate the time derivative.

d) Without words, derive the acceleration equation (or Friedmann acceleration
equation) in standard form using parts (a) and (b): i.e.,

ä

a
= −4πG

3

(

ρ + 3
p

c2

)

+
Λ

3
.

A subtle point is that you have to assume that the gravitational potential
energy formula continues to be valid (but with some sort of generalized meaning
your truly thinks) for cases where mass is not conserved. There is an argument
why it should continue to be valid, but that argument is beyond the scope of this
question.

e) Without words, derive from the Friedmann equation the de Sitter universe
solution which has ρ = 0 and k = 0, but Λ 6= 0.

SUGGESTED ANSWER:

a) Behold:

E =
1

2
mv2 − GMm

r
−
(

1

2

)

Λ

3
mr2 =

1

2
mv2 − 4πGmr2ρ

3
−
(

1

2

)

Λ

3
mr2
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E =
1

2
mȧ2r2

0 − 4πGρma2r2
0

3
−
(

1

2

)

Λ

3
ma2r2

0 =

[

(

ȧ

a

)2

− 8πGρ

3
+

Λ

3

]

(

1

2
ma2r2

0

)

2E

ma2r2
0

=

(

ȧ

a

)2

− 8πGρ

3
− Λ

3

− k

a2
=

(

ȧ

a

)2

− 8πGρ

3
− Λ

3
with k ≡ − 2E

mr2
0

H2 =

(

ȧ

a

)2

=
8πGρ

3
− k

a2
+

Λ

3
.

b) Behold:

1) dE = T dS − p dV + µ dN 2) d(ρc2V ) = −p dV 3) V dρ + ρ dV = − p

c2
dV

4) ρ̇ = − V̇

V

(

ρ +
p

c2

)

with
V̇

V
=

3a2ȧ

a3
= 3

ȧ

a

5) ρ̇ = −3
ȧ

a

(

ρ +
p

c2

)

and for use in part (d) ρ̇
a

ȧ
= −3

(

ρ +
p

c2

)

.

c) Behold:

1) ρ̇ = −3
ȧ

a
(1 + w)ρ 2)

dρ

ρ
= −3(1 + w)

da

a

3) ln

(

ρ

ρ0

)

= −3(1 + w) ln

(

a

a0

)

4) ρ = ρ0

(a0

a

)3(1+w)

d) Behold:

(

ȧ

a

)2

=
8πGρ

3
− k

a2
+

Λ

3

ȧ2 =
8πG

3
ρa2 − k +

(

Λ

3

)

a2

2ȧä =
8πG

3
(ρ̇a2 + 2ρaȧ) +

Λ

3
(2aȧ)

ä

a
=

4πG

3

(

ρ̇
a

ȧ
+ 2ρ

)

+
Λ

3
ä

a
=

4πG

3

(

−3ρ − 3p

c2
+ 2ρ

)

+
Λ

3

ä

a
= −4πG

3

(

ρ + 3
p

c2

)

+
Λ

3
.

Remarkably, the curvature term (i.e., the k term: L-24) vanishes. The
curvature (meaning both k and space curvature itself) is evidently an integral
of motion (Wikipedia: Constant of motion and Constant of motion: Integral
of motion).
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e) Behold:

H2 =

(

ȧ

a

)2

=
Λ

3

da

a
=

√

Λ

3
dt a = a0e

[√
(Λ/3)(t−t0)

]

.

Note, the Hubble parameter H2 is actually a constant for the de Sitter
universe: i.e., H =

√

(Λ/3).

Redaction: Jeffery, 2018jan01


