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ABSTRACT

We use physics informed neural networks (PINNs) to solve the radiative transfer equation and
calculate a synthetic spectrum for a Type Ia supernova (SN Ia) SN 2011fe. The calculation is based
on local thermodynamic equilibrium (LTE) and 9 elements are included. Physical processes included
are approximate radiative equilibrium, bound-bound transitions, and the Doppler effect. A PINN
based gamma-ray scattering approximation is used for radioactive decay energy deposition. Note the
physics ingredients are intended to implement a self-consistent SN Ta atmosphere to test PINN radiative
transfer (including gamma-ray radiative transfer). The realism of the SN Ta atmosphere modeling is
limited. The PINN synthetic spectrum is compared to an observed spectrum, a synthetic spectrum
calculated by the Monte Carlo radiative transfer program TARDIS, and the formal solution of the
radiative transfer equation. Qualitative agreement is achieved. The lack of quantitative agreement with
the formal solution (which is the only test quantitative test of PINN radiative transfer) probably shows
that we have not found an adequate way to apply PINN in supernova atmospheres. We discuss the
challenges and potential of PINN radiative transfer. In fact, PINN offers the prospect of simultaneous
solution of the atmosphere problem for both radiation field and thermal state throughout spacetime.
We have made only modest steps to realizing that prospect with our calculations which required many
approximations in order to be feasible at this point. Consequently, this paper is mostly of use just as

2 supplementary material for future work.

27 Keywords: supernovae: general, galaxies: star formation

2 1. INTRODUCTION

2 Type la supernovae (SNe Ia) have been used as stan-
» dard candles in cosmological studies (Riess et al. 2021)
31 owing to empirical relations between the light curve
» properties and the maximum absolute magnitude (e.g.,
33 the Phillips relation (Phillips 1993) and Arnett rule (Ar-
. nett 1982)). However, the explosion mechanism of SNe
55 la is still unclear, primarily due to the computational
35 complexity of the physical processes, particularly nucle-
s osynthesis and hydrodynamics needed in the supernova
s explosion simulation (Gronow et al. 2021).

Corresponding author: Lifan Wang
lifan@tamu.edu

s In SNe Ia, hydrodynamic and nucleosynthesis pro-
w0 cesses are only significant in the first ~100 seconds.
a1 Thereafter the supernova ejecta expands homologously
«2 and the observed optical spectra and light curves are
s generated by radiative transfer and the thermal state
a of the ejecta. Therefore, simulating the radiative trans-
s fer process is necessary to estimate the density profile
s and element abundances of the supernova ejecta so as
a7 to put constraints on the SNe Ia explosion mechanism.
s Several well known simulation programs have been de-
a0 veloped for the calculation of synthetic spectra for ex-
so plosion model supernova ejecta structure. SYNOW
s (Parrent et al. 2010; Thomas et al. 2011) uses the
s2 Sobolev method for radiative transfer calculation (e.g.,
s3 Rybicki & Hummer 1978) and has been used for spec-
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2 CHEN ET AL.

tral line identification. PHOENIX (Hauschildt & Baron
2006) and CMFGEN (Hillier & Miller 1998) are more
advanced simulation programs and are able to cal-
culate non-local-thermodynamic-equilibrium (NLTE),
time-dependent radiative transfer using the comoving
frame equation of radiative transfer (e.g., Mihalas 1978,
p. 490ff). Note the PHOENIX code has a 3-dimensional
version PHOENIX /3D (Hauschildt & Baron 2006). Pro-
grams using the Monte Carlo method have also been de-
veloped for spectral simulation (e.g., SEDONA (Kasen
et al. 2006), ARTIS (Kromer & Sim 2009)) and have
been used for spectral polarization calculations (e.g.,
Kasen et al. 2006; Bulla et al. 2015; Livneh & Katz
2022). In particular, TARDIS (Kerzendorf & Sim 2014)
is a one-dimensional radiative transfer program using
the Monte Carlo method (of radiative transfer) in which
several crude approximations for NLTE effects have been
implemented. The research reported in this paper uses
the spectra from TARDIS for comparison.

Although the aforementioned supernova spectrum
simulation programs can provide results with different
levels of approximation within reasonable amounts of
computation time, the inverse problem, which estimates
the supernova ejecta structure from an observed spec-
trum, still requires significant computational resources.
In our previous study (Chen et al. 2020), a solution of
the inverse problem is obtained by training a data-driven
neural network on a simulated spectra data set, which
contains 100,000 supernova spectra of different ejecta
structure and costs ~1,000,000 CPU-hours of compu-
tation time for spectral simulation and neural network
training. Similarly, Kerzendorf et al. (2021) uses a data-
driven neural network to accelerate the calculation of the
forward modeling problem, and suggest the neural net-
work could combine with the nested sampling algorithm
(Buchner 2016) to solve the inverse problem.

Physics Informed Neural Networks (PINNs) have
emerged recently as a powerful addition to traditional
numerical partial differential equation (PDE) solvers
(Raissi et al. 2019; Karniadakis et al. 2021). The PINN
approach is based on constraining the output of a deep
neural network to satisfy a physical model specified by
a PDE. Using neural networks as universal function ap-
proximators to solve PDEs had been proposed already
in the 1990’s (Dissanayake & Phan-Thien 1994; Lagaris
et al. 1998). PINN capabilities at solving PDEs have
been enhanced in many different ways since then by uti-
lizing the expressive powers of deep neural networks,
which are made possible by the recent advances in GPU-
computing and training algorithms (Abadi et al. 2016),
as well as computational advances in automatic differen-
tiation methods (Baydin et al. 2017). A significant ad-
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vantage of PINNs over traditional time-stepping PDE
solvers is that PINNs are mesh-less and can solve in
space and time simultaneously. Combined with the re-
gression capability of deep neural networks, PINNs are
also suitable for PDE-related inverse problems.

Note that in Mishra & Molinaro (2021), PINNs were
applied to solve several simple monochromatic and poly-
chromatic radiative transfer problems.

In this paper, we employ PINNs to solve the radiative
transfer equation (e.g., Hubeny & Mihalas 2014) in or-
der to calculate an optical spectrum of SN Ta SN 2011fe
at 12.35 days after explosion. The overall calculation
is a self-consistent atmosphere solution of both radia-
tive transfer and thermal state solution in order to test
PINNs in the context of a qualitatively realistic self-
consistent atmosphere solution. However, there is lim-
ited quantitative realism in many of the ingredients as
we detail primarily in § 2. We are not doing a state-of-
the-art SN Ia atmosphere modeling.

The paper is structured as follows. Section 2 intro-
duces the theoretical background, including the optical
radiative transfer equation, the atomic physics calcu-
lation method, and the approximate gamma-ray radia-
tive transfer calculation method. Section 3 describes
the PINN structure used in this research and the re-
sults from the PINN calculation. A summary and a dis-
cussion of the future challenges for PINN-based radia-
tive transfer calculations are given in § 4. Appendix A
presents the formal solution of the radiative transfer
equation. The code used in this research is available
on https://github.com/GeronimoChen/RTPI.

2. THE RADIATIVE TRANSFER EQUATION
spherical symmetric coordinates, the time-
independent radiative transfer equation in the rest frame
(i.e., the frame defined by the center of mass of the
spherically symmetric system) is

cos(go)% - sin(go)g L Jem (2)72 + Kabs (%) I=0,
(1)

where T is specific intensity (here a function of spatial
coordinate, viewing direction, and frequency), r is ra-
dius, ¢ is the angle between the viewing direction and
the radius vector (i.e., the viewing angle), kaps is the co-
moving frame opacity (not the rest frame opacity), jem is
the comoving frame emissivity (not the rest frame emis-
sivity), and (%) is the ratio of comoving frame frequency
to rest frame frequency, which is given by

In

dor

2 — 31— cos(9)8] ,

v

(2)

where v = (1—/3%)705 is the Lorentz factor and 8 = v/c
is the velocity of the material divided by the speed of


https://github.com/GeronimoChen/RTPI

154

155

156

157

158

159

160

16

2

162

163

164

165

166

167

16

o

169

170

17

oy

172

173

174

175

176

177

178

179

18

S

18

=2

18

R

18

@

184

18

@

186

187

188

18

©

19

=3

19

2

19

]

19

@

19

R

19

@

19

=3

197

19

@

19

©

20

15}

20

=2

PINN RT 3

light (Castor e.g., 1972, eq. (1-3); see also Mihalas 1978,
p. 31,33,495-496). The formal solution of the radiative
transfer equation is presented in Appendix A.

Note we have dropped the time dependence term be-
cause we model only the atmosphere of a SN Ia above
an inner core that provides inner boundary condition for
the atmosphere. Time dependence in SN Ia atmospheres
has generally been found to be relatively unimportant
near and even prior to maximum light (e.g., Kasen et al.
2006, § 3.5) and can be neglected for our exploratory
calculations.

Because SN Ia ejecta is expanding homologously by
about the first 10 seconds after the explosion of the rela-
tively small progenitor white dwarf (e.g., Ropke & Hille-
brandt 2005), the radial velocity at all observable epochs
is proportional to the radius at a given time and satis-
fies the relation r = vtexp = cBtexp, Where toyp is the
time since the explosion. Therefore, we use the radial
velocity to represent the radial coordinate in the figures
and elsewhere as needed.

Note because of homologous expansion, surfaces of
constant velocity f, = cos(¢)f in the direction to a
distant observer obey

z
By =cos(p)p = cos(yp) o COS(QO)W
z
_ 3
Clexp ’ ( )

where z is a constant length along beam paths to a dis-
tant observer. Because z is a constant, the surfaces of
constant velocity S, in the direction to a distant ob-
server are planes perpendicular to those beam paths.
The plane for z = 0 passes through the center of mass
of the SN Ia ejecta.

In the following subsections, we will introduce the dif-
ferent physical processes that contribute to the opacity
kaps and emissivity jom-

2.1. Thermal State, LTE, and Temperature Profile

For the calculation of the thermal state of our SN Ia
atmosphere model, we assume local thermodynamic
equilibrium (LTE) which means that all matter occu-
pation numbers are determined by their thermodynamic
equilibrium values calculated from a single temperature.
Imposing conservation of energy including both radia-
tion field and gamma-ray energy deposition (calculated
as described in §§ 2.4 and 3.1), the LTE temperature T is
calculated from the quasi steady state first law of ther-
modynamics equation with time derivatives of energy
density and adiabatic cooling omitted as being negligi-
ble which is suitable for supernova atmospheres (e.g.,
Kasen et al. 2006, § 2.4). This equation written for our
model is the radiative equilibrium equation (modified
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240

for gamma-ray energy deposition)

(oo} oo
/ kB, (T)dv = / kyJydv + &, , (4)
0 0
where v is the comoving frequency, 1" is the LTE tem-
perature to be solved for, x, is the comoving absorption
opacity (implicitly evaluated at T),

2hv3 1
2 ehv/(ksT) _ 1

()

is the Planck law (with kg being the Boltzmann con-

stant),

Jy = = 1dQ)
47 o)

(6)
is the comoving mean specific intensity (with the fre-
quency dependence of I implicit which is the convention
we adopt in this paper), and &, is the (rate of) gamma-
ray energy deposition per unit solid angle (e.g., Mihalas
1978, p. 172: see also Kasen et al. 2006, § 2.4). Note
£y
= — 7
2 A ) ( )
where E., is the (rate of) gamma-ray energy deposition
specified in § 2.4.
Using
USBT4

B(T) = P

(®)

the Planck law integrated over all frequency (with osp
being the Stefan-Boltzmann constant), we can rewrite
Equation (4) in a form clearly implying there is a tem-
perature to be solved for:

1/4

J
T=|""Ry + , (9)

0SB ospkp(T)

&,

where J is the mean intensity integrated over all fre-
quency, £p(T) is the Planck mean opacity (see definition
in the equation just below), and

f(;x’ kydy, dv/J
1y Bo(T) dv/ B(T)

KJ

Rop Kp (T) fooo
is the opacity ratio, where k; is the absorption mean
opacity (e.g., Mihalas 1978, p. 60) and xp(T) is the
aforementioned Planck mean opacity (e.g., Mihalas
1978, p. 59). Note that the opacity ratio is indepen-
dent of the scales of J,, B,, and k,. The independence
of the scale of J, in the definition of the opacity ra-
tio is just because J (loosely speaking the total driving
radiation field) has been made to appear explicitly in
Equation (9). The independence of the scale of B, just
follows from the definition of the Planck mean opacity
and that of k, from the definition of the opacity ratio.

(10)
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Note when &, = 0, the LTE radiative equilibrium tem-
perature itself is independent of the scale of x, as seen
from both Equations (4) and (9). This independence
can be understood by seeing that when £, = 0, the LTE
radiative equilibrium temperature is independent of the
scales of energy inflow and outflow to matter and these
scales are the only things controlled by the scale of x,.

The independence of the scales of J,, B,, and &, in
the opacity ratio R,p, suggests that the opacity ratio can
be of order 1 though it can also be very different from
1 if the shapes of J, and B, are very different which
certainly happens in some atmosphere conditions. We
show below that there are two limits where R, does
equal 1 exactly.

Equation (9) is, of course, still an implicit equation for
LTE temperarure T'. However, it will probably succeed
as an iteration formula in most cases. However also,
given that the opacity ratio R, can be of order 1 and
1 is the natural choice in the absence of guiding infor-
mation, we can set it to be 1 for two characteristic LTE
temperatures derived from Equation (9). These are ex-
plicit solutions relative to the local thermal state, but
depend on the radiation field, and so are implicit relative
to the overall atmosphere. The first characteristic LTE
temperature, which we call the Planck law temperature

(PLT), is
1/4
wJ
Tprr = () ,
0SB

where &, appearing in Equation (9) is set to zero. The
second characteristic LTE temperature, which we call
the Planck law temperature augmented (PLTA), is

(11)

wJ
Tprra = [USB +

€, ] 1/4
osgkp(TrLT)

1/4
ms’*} , (12)
osskp (Tprr)

= [TlélLT +

where &, appearing in Equation (9) is not set to zero.
There are two special cases where PLT is an exact ex-
plicit solution for the LTE temperature equation (i.e.,
Equation (9)) with £, = 0. The two cases, of course,
have R, = 1 exactly. The first case is in the opti-
cally thick limit where photons travel negligibly short
distances compared to distances over which the ther-
mal state changes. This case is usually at great opti-
cal depth in an atmosphere. Given the optically thick
limit, J, = B, (T), where T is the local temperature. It
now follows from Equation (10) that R,, = 1 exactly.
The second case is where the absorption opacity is grey
(i.e., frequency independent, but not necessarily inde-
pendent of any other variable). It again follows from
Equation (10) that R,, = 1 exactly. The first case will
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actually be approached closely in realistic atmospheres
in optically thick conditions and the second may be a
good approximation in some cases.

As well as the two exact cases of PLT, there can be
other cases not close to the two exact cases where PLT
holds approximately provided that fortuitously the fac-
tors in Equation (10) multiply to 1. However, obviously
there are realistic cases where PLT will be wrong by
an order of magnitude or more. Extremely wrong, but
unrealistic, cases are where the absorption opacity is a
Dirac delta function. Given this opacity, it is clear that
for extreme choices of J, and B,,, the opacity ratio will
have the range R,p, € [0, o).

An important fact about PLT is that it does conserve
energy locally even if it gives a very wrong tempera-
ture. In Lambda iteration using the radiative transfer
equation, local energy conservation is not sufficient to
guarantee convergence and in fact in optically thick at-
mospheres generally fails in practice (e.g., Mihalas 1978,
p. 147-150). However in Monte Carlo radiative transfer
with indestructible photon packets and local energy con-
servation, the Lambda iteration converges robustly since
the use of indestructible photon packets insures global
conservation of energy (Lucy 1999; Kasen et al. 2006).
Thus, PLT could be useful in determining a first or early
iteration LTE temperature profile in a Lambda iteration
since it avoids doing the integrations of Equation (4).

To conclude about PLT, despite the fact that PLT can
be extremely wrong, it is still a reasonable choice for a
characteristic LTE temperature for exploratory, exam-
ple, or first or early Lambda iteration calculations given
that it is exactly correct in two limits, may be fortu-
itously correct in other cases, conserves energy locally,
and setting R,, = 1 is, as aforesaid, the natural choice
in the absence of guiding information. We can then con-
clude PLTA is therefore also a reasonable characteristic
LTE temperature when &, is only 1st order correction
to the PLT temperature (i.e., to the LTE thermal state).
Note PLTA does not conserve energy locally exactly, but
only to 1st order in small &,.

An important point to make about PLT/PLTA is that
if there are significant NLTE effects in an atmosphere,
PLT/PLTA is, a priori, as good a characteristic temper-
ature as the one obtained by solving Equation (4) (or,
equivalently, Equation (9)) exactly since it is after all

s just an LTE equation and NLTE effects could make it

333

334

335

33

=3

337

338

as poor an approximate as PLT/PLTA.

For our pioneering PINN radiative transfer calcula-
tions, we do not need high realism in the thermal state
solution (which for LTE is essentially solving for the
temperature profile) and in particular do not need ex-
act energy conservation. (Note we do not have radia-
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tive equilibrium in the exact sense of the expression be-
cause of the contribution of £, though that contribution
turned out to be small in our calculations.) Therefore,
we adopted the PLT formula to treat the radiation field
contribution to temperature, but do a Lambda iteration
for the LTE temperature (see procedure description be-
low) and we made a simplifying approximation for the
Planck mean opacity kp(T): we take it to be equal to
the electron scattering opacity

ke = orN, (13)

where o1 is the Thomson scattering cross section and
N, is free electron number density. Because N, depends
on the local LTE temperature, our equation for the lo-
cal LTE temperature will be implicit relative to the local
thermal state unlike Equations (11) and (12) for, respec-
tively, PLT and PLTA.

Finally, the implicit LTE temperature formula
adopted for our calculations (derived from Equation (9)
and the assumptions given in the last paragraph) is

wJ
Tire = ( +

0SB
_ <T4 + TrE'Y > e
PLT USBUTNe )

where the implicit T1;rg is hidden in the calculation of
the electron density N,.

It is, of course, formally wrong to use a scattering
opacity as an absorption opacity. However, the us-
age is a calculational placeholder for a better treat-
ment using a good Planck mean opacity from tables or
a good approximate formula. Also, the electron scat-
tering opacity is, in effect, just used as weighting for
the gamma-ray energy deposition which our calculations
show to be a relatively small contribution to tempera-
ture. Of course, the electron scattering opacity could be
an overestimate/underestimate, and so could underesti-
mate/overestimate in our calculations the effect of the
gamma-ray energy deposition. Note that we also solve
the gamma-ray radiative transfer with PINN to show
that that can be done (see § 3.1).

The actual solution procedure for the temperature
profile using the implicit LTE temperature equation
(i.e., Equation (14)) is, as aforesaid, by the Lambda
iteration (e.g., Mihalas 1978, p. 147-150). We assume
an initial temperature profile from which we calculate
the electron densities N, and the bound-bound opaci-
ties (i.e., bb or line opacities) which are the only opac-
ities we include in the radiative transfer (see 2.2): the
electron scattering opacity is used only to solve for tem-
perature from Equation (14). The bound-bound opac-
ities are treated as pure absorption opacities: i.e., no

7T(€ry )1/4
0spoTNe

(14)
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395

line scattering is included and the lines emit thermally
(see 2.2). Using the bound-bound opacities and emis-
sion from the inner boundary, we calculate J from the
radiative transfer and then use Equation (14) to calcu-
late a new temperature profile from which new electron
densities N, and new bound-bound opacities are calcu-
lated. We then calculate the radiative transfer again,
and so on until the temperature profile converges. The
Lambda iteration successfully converges in our calcula-
tions since the atmosphere is overall optically thin with

505 just the bound-bound opacities included (e.g., Mihalas

397

398

399

400

401

402

403

40:

=

405

406

407

40;

=3

409

410

41

=

41

o

413

414

415

414

o

41

=)

411

©

419

421

S

42

=

422

42

@

42.

b

425

426

42

N

42i

3

429

43

S

43

s

432

433

1978, p. 147-150).

To speed up the Lambda iteration, we avoid the inte-
grations for J by using a temperature (neural) network
as described in § 3.3.

2.2. Bound-Bound Transitions

The bound-bound opacity and emissivity are calcu-
lated using the local thermodynamic equilibrium (LTE)
approximation. The spontaneous emissivity is

. h
Jbb = 7AuqulNi,j,u¢(V) )

4
where A,; is the Einstein A coefficient for the bound-
bound transition from the wu-th level to the I-th level,
N; ju is the number density, ¢,j,u are the indices of
element, ionization, and energy level, respectively, v,
is the spectral line frequency, and ¢(v) is the line
shape profile which satisfies the normalization condition
IS ¢(v)dv =1 (e.g., Mihalas 1978, p. 78). The bound-
bound opacity corrected for stimulated emission is

(15)

kbp = NijiBiu — NijuBu)vuio(v) , (16)

—
where B,; and By, are the Einstein B coefficients for
the absorption and stimulated emission processes (e.g.,
Mihalas 1978, p. 78-79). All the Einstein coefficients
are downloaded from NIST spectral database.

The realistic line profile ¢(v) is usually the Voigt func-
tion which accounts for both natural line broadening and
temperature Doppler broadening (e.g., Mihalas 1978,
p. 279-281). These broadening effects are much smaller
than the Doppler effect from the supernova ejecta ve-
locity (typically ~ 10000km/s), and so we replace the
usual realistic line profile with an artificial unrealistic
one without significant error as long as it likewise has
insignificant broadening. We choose a simple rectan-
gular function with a 4 pixel width as the line shape
profile in order to reduce the computation time. When
the frequency grid is between 104 Hz (12000A) and
105 Hz (3000 A) with 2048 sampling points uniformly
sampled in the logarithmic space, the velocity resolution
is 202km/s and spectral line width is 808 km/s (which
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6 CHEN ET AL.

is much smaller ~ 10000 km/s). Note that the temper-
ature Doppler broadening velocity in supernova ejecta
(which typically have temperatures of order 10*K) is
of order 10km/s (e.g., Mihalas 1978, p. 279), and so
we have introduced artificial line broadening large com-
pared to temperature Doppler broadening, but still neg-
ligible for our calculations.

2.3. Level Populations

The level populations are calculated in LTE using
Saha ionization equation and the Boltzmann equation.
The relevant equations for solving for ionization state
and electron density are as follows. First, the ratio be-
tween the two level populations (i.e., the Saha ionization
equation in one version) is

Xi,j+1,0 X4, 5.k
e kT
(17)
where N, is the electron number density, g; ; is the
degeneracy factor, x; j is the level energy, i, j, k are as
before the indices of element (which is the atomic num-
ber), ionization, and level, respectively, and 0 labels the
ground state level (e.g., Mihalas 1978, p. 113). Second,
the supernova ejecta plasma is assumed to be neutral,
and so the electron number density satisfies

M= XYY N
i k

Third, the element abundances N; in supernova ejecta
models satisfy

2 .
) Gigk -3
2rmeks ) Gij+1,0

Nijk 1 ( h?
Nij+1,0 2

(18)

(19)

N; = Z ZNLJ,,C .
7 k

We adopt a similar algorithm as is in the TARDIS code
to solve the N; ; for the above equation group (i.e.,

J

K(z) =

3{1—|—x [21‘(1—1—3:)

4 3 1+ 22

Note the summation is over all the bound and free elec-
trons because the gamma-ray energies are much larger
than the photoionization energies, and so all the elec-
trons contribute to the Compton scattering effect.

The photoelectric opacity is

ky = ora’ (8\/5) 2PN EN (22)

where « is the fine-structure constant.

—In(1+2x)| + -

w2 Egs. (17), (18), (19)). In the first step, we assume
s3 all the atoms are singly ionized and calculate an N, .
w4 In the second step, the level population Nj ;o is cal-
ws culated from Equation (17) and Equation (19) using
a6 the assumed N . In the third step, a newer electron
a7 density N new is calculated from Equation (18) using
s the level population in the second step. In the fourth
w0 step, we calculate the mean of two electron densities:
a0 Nei = (Ne,o + Nenew)/2, then go back to the second
s step and replace N.o with N, 1. We repeat the above
a2 4 steps until there is a convergence of ionization state
a3 and electron density. In our calculations, the number
as of iterations is set to 30, which guarantees a convergent
ars and sufficiently accurate solution in all of our tests.

a76 2.4. Gamma-Ray Energy Deposition

a7 Gamma-ray photons in SNe Ia are mainly generated
from the decay chain 56Ni — 56Co — ®6Fe and the pho-
ton energy is deposited as thermal energy via Compton
scattering and photoelectric absorption processes. The
pair-production process is negligible for our system (e.g.,
Kasen et al. 2006). The physical details of our gamma-
ray treatment (discussed below) are taken from the ap-
pendix of Kasen et al. (2006). The Compton scattering
opacity is

47
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48
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48
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48
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48

@

48:

R

48!

a

486 /{Zc = O‘TK(.T) Z Z'NZ' 5 (20)

w7 where 7 is the atomic number as above, or is the
s Thomson cross section for Thomson scattering (e.g.,
Mihalas 1978, p. 106), = is gamma-ray photon energy
w = hv/(mec?), and K () is the Klein-Nishina correc-
tion to the Thomson cross section for Compton scatter-
492 1NG:

48!

©

49

2

In(1 + 2x)

1432 } (21)

2z (1+2z)2

s The emissivity in the Compton scattering process is
sz usually determined from the differential cross section
so3 do/dS) in most of the Monte Carlo based radiative trans-
so¢ fer programs (e.g., Kasen et al. 2006). The formula for
505 dO’/dQ is
2 27 (0, 0)%[f (2. 0) + (2, ©) " —sin?©)] , (23)
—=—f(z x x —sin
*oaQ T 16r VY ’ ’ ’
sor where O is the angle between the incoming and outgoing
ss gamma-ray photon and f(z,©) is the energy ratio be-
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tween incoming and outgoing gamma-ray photon which
is given by

Eout 1
0) = = . 24
/(@ ©) En 1+ z(1—cosO) (24)
The average energy lost in an interaction is
1
Fla)=1— 7/ (e, 0)de . (25)
4 Q

We use Equation (25) to calculate a sequence of 7 dis-
crete gamma-ray photon energy bins which correspond
to 0, 1, 2, ... 6 times scattered photons. We use m as
the general label for the 7 discrete energy bins which
are specified in § 3.1. We then use PINN to model the
number of photons over these discrete energy bins as
a function of spatial coordinate r and viewing angle .
The (m+ 1)-th emissivity is calculated from the integral
of the absorbed photon energy in the m-th gamma-ray
photon energy bin and averaged over solid angle and is
written as

_ 1
JC,m+1 = 7/ kC,mIm dQ 5 (26)
i Jq
where m is the index of gamma energy bin.

The time independent gamma-ray radiative transfer
equation in the static atmosphere approximation we
adopt for gamma-ray transfer is

oL, . ol 1 . .
COS(@)W _Sln(@)%;—’—(lﬂc"'_kp)lm_JC,m_]r =0,

(27)
where j, is the gamma-ray source in the supernova atmo-
sphere. The detailed calculation procedure for gamma-
ray transfer is discussed in § 3.1. We assume the energy
lost in gamma-ray Compton scattering and photoelectric
absorption processes are deposited as thermal energy lo-
cally and, as aforesaid, neglect the gamma-ray photon
pair-production process. Therefore the gamma-ray en-
ergy deposition is

By = S [ o + ) —cnl 4. (29

where the summation is over all the allowed gamma-
ray energy bins and we count jc ., as a negative energy
deposition. The energy deposition per unit solid angle

. = E,/(4m) is used in Equation (14) to calculate the
plasma temperature.

3. THE PHYSICS INFORMED NEURAL
NETWORK

The concept of solving partial differential equations
(PDEs) using neural networks has a long history. The
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idea is commonly credited to Lagaris et al. (1998) though
there is related work dating back to the late 1980s (see
Viana & Subramaniyan (2021) for a historical review).
Recently, Raissi et al. (2019) proposed Physics Informed
Neural Network (PINN), a modern deep neural network
approach to solve forward and inverse PDE-constrained
problems. PINN uses a deep neural network to approxi-
mate a function over physical space and introduces con-
straints such as PDEs and boundary conditions directly
in the loss function to train the parameters in the neu-
ral network. The neural network is called “physics in-
formed” because the parameters and boundary condi-
tions are mostly related to physical quantities and the
PDE is usually a physical law.

In the present work, a PINN is used to approximate
the specific intensity represented at given frequency
points by vector I, = f(r,¢;w), where w represents
the trainable parameters in the neural network. To
train the neural network, three sets of data points are
sampled in the physical space (r,¢): 1) the collocation
points, where the PDE is enforced, are randomly sam-
pled in the physical space from uniform distributions
Tip € UlTmin, 'max) and ¢;, € U(0,7); 2) the inner
boundary points where r;; = rmi, and ¢,; € U(0, 7/2);
3) the outer boundary points where 7 = Tmax; Pk,u €
U(rw/2,7). The PDE collocation points are used in the
left-hand side of Equation (1) and Equation (27) to cal-
culate the residuals R;,, which are used in the loss
function. The inner and outer boundary points are di-
rectly used to calculate the predicted specific intensities:
Iiw = f(Tmax; Pku, W), Ijg = f(Tmin, @j,1, w) which are
then used to calculate the residuals with respect to the
pre-defined boundary conditions R;; and Ry . The loss
function is

L= Wp Z R?’p + w; Z RJQ‘,[ + Wy Z Ri,u ’ (29)
1,V I k,v

where wy,, w;, w, are weight parameters, which should
be specified before training and the summation is over
the data points labeled i and the sampled frequency
points labeled v (i.e., spectral sampling pixels). The gra-
dient of the loss function over the trainable parameters
g—fj is calculated by reverse-mode automatic differenti-
ation using the chain rule. Knowing the gradient, the
trainable parameters can be adjusted with small steps
in order to reduce the loss function. In practice, acceler-
ated gradient-based algorithms (i.e., RMSprop (Hinton
2012), Adam (Kingma & Ba 2014)) are used to increase
the training efficiency and avoid local minima of the loss
function. When the neural network setup is appropriate
for the problem, the loss function will be close to zero
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after several iterations and the neural network solution
will be close to the true specific intensity solution.

PINN training is implemented in pytorch (Paszke
et al. 2019). Section 3.1 specifies our solution proce-
dure for the gamma-ray radiative transfer in SN Ia at-
mospheres. Section 3.2 gives the structure of the optical
network, which is the major neural network for solving
the optical radiative transfer problem and reports ex-
ample synthetic spectra.

The spectra obtained from PINN are compared to
those from the Monte Carlo radiative transfer code
TARDIS using the same ejecta structure and the spec-
tra from the formal solution calculated by the procedure
specified in Appendix A. Section 3.3 introduces an ap-
proach to accelerate the calculation of plasma tempera-
ture using Equation (14). Section 3.4 discusses the com-
putation time and the training schedule of the PINN.

Our synthetic spectra are compared to the observed
spectrum of SN 2011fe at 12.35 days after explosion.
This observed spectrum (Pereira et al. 2013) was ob-
tained by Double Spectrograph (DBSP) mounted on
Palomar 200-inch (P200) Telescope. The observed spec-
trum was also used to derive the supernova ejecta struc-
ture via the method discussed in Chen et al. (2020). The
derived supernova ejecta density obeys

©v—12500 km /s

p =3.87852 x 10714 x 0.689 1000kn/s  g/cm3 | (30)

where v is the radial velocity in the ejecta. Figure 1
shows the derived density and element abundance of the
SN Ia ejecta structure. We use only 9 elements, which
are C, O, Mg, Si, S, Ca, Fe, Co, Ni, in this calculation
for simplicity, and the highest ionization for these ele-
ments is limited to 3. Also in Figure 1, we compare our
density profile with the density profile of model DDT-
N100 (Ropke et al. 2012), which is also a SN Ia ejecta
model used to fit SN 2011fe spectra. Both the calcula-
tions with TARDIS and PINN set the inner and outer
boundary to be at, respectively, the velocity coordinates
10151.4km/s and 35675.3km/s.

3.1.

The gamma-ray network calculates the gamma-ray
specific intensity I,(r, ) in the supernova atmosphere
using Equation (27) as the PDE. As a simplification,
we assume the gamma-ray photon energies from the
56Ni — 56Co — 56Fe decay chain are all 1 MeV to
form the j, term in Equation (27) and the input gamma-
ray photon from the boundaries are also 1 MeV. We
neglect the kinetic energy and gamma-ray energy of
the positron released in the *°Co decay. As discussed
above in 2.4, we limit the allowed gamma-ray photon
energies to 7 discrete energy bins in the gamma-ray

The Gamma-Ray Network
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Figure 1. Upper Panel: The model SN 2011fe density pro-
file at 12.35 days after explosion used in the TARDIS and
PINN calculations (blue line) and for comparison the density
profile of model DDT-N100 (Ropke et al. 2012) (orange line).
Lower Panel: The model SN 2011fe element mass fractions
at 12.35 days after explosion used in the TARDIS and PINN
calculations.

network as a simplification. The 7 energy bins are
[1,0.407,0.243,0.171,0.131,0.106,0.088] MeV. Similar to
the optical network, the gamma-ray network is trained
on PDE collocation points and outer boundary points
and inner boundary points. The outer boundary con-
dition is no photons entering the SN Ia atmosphere
(Iy(r = Tmax,¢ € [7/2,7]) = 0). The inner bound-
ary condition is photons entering the supernova at-
mosphere from the inner boundary are in the high-
est energy bin (Iy=1mev (" = Tmin, @ € [0,7/2]) = Iy,
IyciMev (T = Tmin, @ € [0,7/2]) = 0). Two values of Iy
are used as specified below.

The best treatment of gamma-ray radiative transfer
would be to use the time-dependent radiative transfer
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equation and set the inner boundary to be the super-
However, this treatment requires an ex-
tra input dimension on the neural network, which could
considerably increase the training time. Moreover, the
source term j, and the intensity I, would change sev-
eral orders of magnitude throughout the whole super-
nova structure and the neural network does not give
good performance over multiple orders of magnitude.
Therefore, the gamma-ray radiative transfer calculation
is limited to supernova upper atmosphere and the effect
of the gamma-rays from the supernova center is approx-
imated with the inner boundary condition.

We calculate two PINN models with different bound-
ary conditions. In the first model, the inflow gamma-
ray intensity is zero for both the inner and outer
boundaries. In the second model, the inflow gamma-
ray intensity from the inner boundary (i.e., Ip) is
109 ecm~=2s7'sr~! with all gamma-ray energies set to
1MeV and no inflow of gamma-rays from the outer
boundary. The neural network is a 10-layered fully-
connected neural network, the number of neurons is
2,128,128, 128, 128, 128,128,128, 256,256, 7], and the
activation function is the hyperbolic tangent (i.e., tanh)
for all the layers except the input and the output lay-
ers. The input and output layers use a linear activation
function.

Note the original loss function in Equation (29) is
not written with residuals in physically consistent units
which makes assigning weights difficult. Therefore, we
write the residuals in terms of natural units as follows:

Rim

nova center.

Ri new — ) 31
P Mean(kc + kp) Imax (31)
RA
Rjlnew = ﬁ : (32)
Ry
Rk,u,new = Ik, ) (33)

where I, is the maximum gamma-ray intensity and
Mean(kc + kp) is the mean opacity over all the PDE
collocation points and all the gamma-ray energy bins.
We set Iax using the equation

Tmax
Imax:Il+/ jrdra

Tmin

(34)

where I; is the inner boundary inflow intensity at 1
MeV, the I; value is zero for the first model and
10'6 cm~2s~'sr~! for the second model, and the integral
is over the source term in the supernova atmosphere. In
the loss function Equation (29), R; ,, R; i, Ry, are re-
placed by R; pnew, B new, Lk u,new, respectively. Us-
ing this modification of the loss function, the order of
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Figure 2. The gamma-ray specific intensity as a function of
gamma-ray photon energy at representative velocity points
and viewing angles in the two supernova ejecta models used
to investigate gamma-ray radiative transfer in the ejecta.
The vertical axis unit is shown at the left side of each panel.
The upper panels show the results from the first model and
the lower panels show the results from the second model.
The left panels show the results at viewing angle ¢ = 0 and
the right panels show the results at viewing angle ¢ = .

magnitude of the three residual terms will not change
drastically with the change of supernova ejecta model or
the boundary conditions. Thus, the modification helps
to balance the importance of PDE and boundary con-
ditions when training the PINN. We found the PINN
results are stable when the weight parameters in Equa-
tion (29) are w, = 1, w; = 3000, w, = 3000, respec-
tively.

Figure 2 shows the results of the two models for
gamma-ray radiative transfer. Note that both models
obey the inner and outer boundary conditions accu-
rately. In the first model, we note that the intensity
at the viewing angle ¢ = 0 and 1 MeV energy bin in-
creases with the increase of radial velocity due to the
56Ni and °°Co in the supernova atmosphere shown in
the lower panel of Figure 1. In the second model, we
note the intensity is much larger than that of the first
model, which means the input energy from the inner
boundary dominates over the radioactive energy in the
supernova atmosphere. We note that there is relatively
little scattering of gamma-ray photons to energy bins be-
low 1 Mev in all cases. The most such scattering occurs
for the second model at the viewing angle ¢ = . This is
to be expected since inward moving gamma-ray photons
will be mostly scattered gamma-ray photons when the
gamma-ray intensity is dominated by a central source.
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Figure 3. The gamma-ray energy E, calculated from the
two supernova ejecta models used to investigate gamma-ray
radiative transfer in the ejecta. The model names are labeled
in legend.

Figure 3 shows the gamma-ray energy deposition E,
as a function of radial velocity for the two models. Note
the gamma-ray radiative transfer equation (Eq. (27))
is linear since the gamma-ray sources and opacities are
fixed inside the atmosphere. Therefore, the general
gamma-ray intensity (or energy deposition) for our su-
pernova ejecta structure with a general inner boundary
condition can be written as a linear combination of our
two PINN-calculated gamma-ray intensity solutions (or
energy deposition solutions). To be explicit for the gen-
eral gamma-ray energy deposition, one has

I -1
EV(Ilvr) :E“/(Il,lvr) + H [EV(II,%T) - E“/(Il,lvr)]
12— L,
=By (T, 7) 4 7 (B (T2, 1) = By (T,7)]4(35)

s

where I;; = 0 is the inner boundary condition of the
first model, I; » = 1016 cm—2s~1sr~! is the inner bound-
ary condition of the second model, and I; is the tar-
get inner boundary condition. Using this relation, the
gamma-ray energy deposition for our supernova ejecta
structure with different inner boundary conditions can
be generated without extra PINN calculations.

3.2. The Optical Network

The optical neural network calculates the optical spe-
cific intensity I, using Equation (1) as PDE. The out-
put of the PINN is the specific intensity sampled in a
frequency grid between 1044 Hz (11,935 A) and 10'° Hz
(3000 A) with 2048 pixels uniformly sampled in the log-
arithmic space. The frequency upper limit is set as
10'* Hz for two simplification reasons. First, several
strong Fe-group element spectral lines, which could lead
to order-of-magnitude problems in the training of PINN,
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lie above this frequency. Second, bound-free opacity
is more significant above this frequency, and we have
not included bound-free opacity as a simplification. In
fact, the specific intensity is suppressed by the high-
opacity spectral lines and the bound-free opacity above
10'5 Hz. Therefore, removing the specific intensity cal-
culation above this frequency will probably not lead to
significant error in a direct sense. However, the thermal
state of the ejecta can only be crudely approximated
without the high frequency region, bound-free opacity,
and NLTE effects.

Considering the output of the neural network is a vec-
tor with the length of 2048, while other PINN applica-
tions have typically one or a few dimensions as output
(e.g., Mishra & Molinaro 2021), we prepared a large 14-
layered neural network structure (hereafter N14). The
number of neurons in each layer is, respectively, [2, 256,
256, 256, 256, 256, 512, 512, 512, 512, 512, 2048, 2048,
2048, 2048] and the activation function is the hyperbolic
tangent (i.e., tanh) for all the layers except the input
and the output layers: the input and output layers use
a linear activation function. We also prepared a smaller
6-layered neural network (hereafter N6) for comparison:
the number of neurons in each layer is [2, 512, 2048,
2048, 2048, 2043].

The outer boundary condition is that no radiation flow
into the material (I(rmax, € [7/2,7]) = 0) and the
inner boundary condition is that the input radiation flow
is an isotropic blackbody spectrum with a pre-defined
boundary temperature Tg,:

2h1?

I”'min#ﬂé[oﬂ\'/Q] = h—u * (36)
CQ (e kTR, — 1)

We found the synthetic spectra are close to the observed
spectra when T, = 11500K, and thus we adopted this
value for all our calculations. As a simplification, we
used I, as a rest frame specific intensity though. For-
mally it should be a comoving frame specific intensity.
The distinction between the two quantities is small.
Similar to the gamma-ray network, residuals in the
loss function Equation (29) are written in terms of nat-

ural units as follows:

RA
Ri new — oL ’ 37
P ImaXMean(ke —+ kbb) ( )
R .
Rjlnew = 725 . (38)
Ry,
Rk,u,new = Ji b ; (39)

where I, is the maximum pixel value of the inner
boundary condition Equation (36) and the mean is over
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all the frequency pixels and PDE collocation points. The
weight parameters used in Equation (29) are w, = 1,
w; = 3000, and w, = 3000. These are the same as for
the gamma-ray radiative transfer calculation and were
found comparably good for the optical spectrum calcu-
lations.

For our example synthetic spectrum calculation, we
use the gamma-ray energy F., calculated in § 3.1 and
assume the gamma-ray intensity inner boundary condi-
tion is Iy = 109 em~2s7'sr~! and the plasma tempera-
ture is calculated using the temperature network, which
is described in § 3.3.

Figure 4 shows the specific intensities as functions of
rest frame wavelength sampled at representative radial
velocities and viewing angles calculated by the N14 neu-
ral network (i.e., the N14 PINN) and the formal solu-
tion (see Appendix A). Note that at the inner boundary
(v = 10151.4km/s, ¢ < 7/2) and the outer bound-
ary (v = 35675.3km/s, ¢ > m/2), the PINN solu-
tions satisfy the boundary condition virtually exactly
as should be the case. Also note that there were no
specific intensity values less than zero as should be the
case. Blueshifted absorption lines can be observed in
the ¢ = 0 spectra and emission lines of varying shift can
be seen in the spectra with ¢ > 0.

To explicate the absorption and emission specific in-
tensity features formed inside the SN Ia model ejecta
and illustrated in Figure 4, note the following equa-
tion for comoving frame wavelength A\ derived from the
Doppler shift formula Equation (2):

o
Y[l = cos(¥)B]

where A is the rest frame wavelength. Now consider
a line wavelength (i.e., bound-bound transition wave-
length) in the comoving frame Ajne which is, of course,
the laboratory line wavelength. Next consider a beam of
rest frame wavelength A (which is invariant, of course, as
the beam propagates) that starts from the inner bound-
ary at a point A and reaches a point B in the atmosphere
where we evaluate the rest frame specific intensity at
that wavelength . Note that a beam starting from the
inner boundary always has cos(¢)8 > 0, and thus always
redshifts in the comoving frame provided ~ stays suffi-
ciently close to 1 which it always does for supernovae,
except in extreme cases which we will not consider. If
X is blueward of Aline, but not too blueward, the beam
will redshift such that its comoving frame wavelength
A = Aine at point C that is in between point A and
point B. There will be absorption from the beam by
the line at point C. There will also be emission into the
beam by the line at point C, but in supernovae in the

A= (40)
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photospheric phase (when the overall ejecta is optically
thick enough to give rise to a photosphere which in our
modeling is the inner boundary), the absorption usually
dominates and the beam specific intensity at rest frame
wavelength A is diminished passing through point C.
Since there is a continuous rest frame wavelength range
of emission from the inner boundary, there will be a
continuous rest frame wavelength range of line absorp-
tion which happens a continuous range of spatial points
along a single beam path. The foregoing explicates the
absorption features seen in Figure 4 for the beams with
¢ = 0 and velocity greater than the inner boundary ve-
locity: all these beams are radial, in fact. For beams
at the inner boundary velocity with ¢ < 7/2 (shown in
the top panels of Figure 4), the specific intensity is just
the inner boundary condition specific intensity and all
the curves for these beams overlap. For beam paths not
starting on the inner boundary, there is net emission into
the beam and this explains the emission features seen in
Figure 4 for beam paths with ¢ # 0 and not starting on
the inner boundary.

Continuing the explication of beams in the SNe Ia
model ejecta, the points C for a single rest frame wave-
length A for beams heading toward a distant observer
are on planes perpendicular to the direction to the dis-
tant observer and this true for all of supernovae, in fact.
These planes have constant velocity in the direction to
the distant and were discussed in § 2. On the planes
there is usually net absorption from all beams heading
toward the distant observer. The upshot is there is a
broad blueshifted absorption in the spectrum of the su-
pernova as seen by the distant observer. The absorption
cuts into the continuum level and the emission feature
(which we describe in the next paragraph).

What of beams heading toward the distant observer
that do not start on the inner boundary, but rather from
line emission at comoving frame wavelength Ajj,.? Given
spherically symmetric geometry, the emission tends to
be strongest from the plane in the atmosphere perpen-
dicular to beams to the distant observer that passes
through the center of mass of the supernova: we will
call this plane the central plane. The beams that start
on the central plane have A = Mine since the cen-
tral plane has zero velocity in the direction of the dis-
tant observer in the rest frame. Beams from (paral-
lel) planes closer/farther relative to the central plane
are blueshifted /redshifted in rest frame wavelength from
Aline (since they have higher/lower velocity in the direc-
tion toward the distant observer) and are usually weaker
in intensity the more they are blueshifted/redshifted
since they come from lower-density-on-average planes.
The upshot is the emission from the planes toward the
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Figure 4. The rest frame specific intensity as a function of rest frame wavelength X at representative radial velocities and
viewing angles. Note specific intensity is in the wavelength representation rather then in the frequency representation which
we use in the text. The rest frame is the frame defined by the center of mass of the spherically symmetric SN Ia ejecta. The
rest frame is the same for all following figures. The left panels show specific intensities from PINN calculations using the N14
neural network structure and the right panels show the corresponding specific intensities from the formal solution of the PDE.
The coordinates and viewing angles are shown in legends. In the upper panels, the specific intensity curves for ¢ < 7/2 are
just the inner boundary specific intensity, and so all overlap and give a net green color. In the middle right panels, the specific
intensity curves for ¢ > 7/2 are all nearly zero, and so overlap and give a net purple color. In the lower left panel (lower right
panel), the specific intensity curves for ¢ > /2 (¢ > w/4) are all nearly zero, and so overlap and give a net purple color.

observer tends to give a broad emission feature in rest
frame wavelength centered on Ajj,e and superimposed on
the spectrum continuum level. However, the blueshifted
absorption in beams that start on the inner boundary

917

918

919

920

cuts into the continuum level and the absorption feature
(as we described in the last paragraph) and the result is
a P-Cygni line: a broad observed spectrum line in rest
frame wavelength consisting of a blueshifted aborption
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and an asymmetric emission roughly centered on a line
wavelength.

A detailed explication of P-Cygni line formation in
supernovae is given by Jeffery & Branch (1990, p. 173—
194).

Having finished our explication of the formation of
the features in Figure 4, we now discuss the difference
between the PINN spectra and formal solution spec-
tra. When comparing them, we notice significant dif-
ferences at coordinates (v = 22913.3km/s, ¢ > 7/2)
and (v = 35675.3km/s, ¢ = w/4). The PINN spectrum
emission lines are much larger than the formal solution
emission lines (which in fact are close to zero). The
same discrepancy also occurs when the PINN spectra
are calculated by the N6 neural network structure.

To investigate the cause of the discrepancies between
the PINN and formal solution specific intensity spec-
tra, we have plotted in Figure 5 several example rest
frame opacity and emissivity terms at different coordi-
nates as functions of rest frame wavelength. We note
that the opacity and emissivity due to the bound-bound
transitions (which are seen as sharp spikes) can be
up to ~ 1000 times the corresponding electron scat-
tering terms for v = 12207.4 km/s and up to ~ 10
times the corresponding electron scattering terms for
v = 23211.5 km/s. We surmise the discrepancy be-
tween the PINN solution and the formal solution for the
specific intensity spectra is due to the large order-of-
magnitude variation in the opacity and emissivity terms
in the PDE loss function that goes beyond the dynamic
range of neural networks.

Using the specific intensity calculated by PINN or the
formal solution, a synthetic spectrum that can be com-
pared to observations is calculated by the integral

/2
Spec(v) = / / dp 2712 T (Tmax, ©, V)sin(@)cos(p)

’ (41)
(e.g., Mihalas 1978, p. 11-12). In the wavelength rep-
resentation (not the frequency representation), Figure 6
shows two PINN synthetic spectra from the N14 and
N6 neural network structures, the corresponding for-
mal solution synthetic spectrum, the TARDIS synthetic
spectrum (fitted to the observations using the method
of Chen et al. (2020)), and the observed spectrum for
SN 2011fe at 12.35 days after explosion. Because the
method in Chen et al. (2020) is specifically designed for
TARDIS, as well as the supernova ejecta structure used
in this paper, the TARDIS synthetic spectrum fits ob-
served spectrum with reasonable accuracy. However, the
PINN and formal solution spectra (which are obtained
without the optimized fitting of Chen et al. (2020)) do
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not fit to the same level of accuracy and cannot be ex-
pected to do so.

The test of the PINN synthetic spectrum calculation is
the comparison to the formula solution synthetic spec-
trum calculation which is based on exactly the same
atmosphere structure and thermal state and is calcu-
lated with guaranteed numerical accuracy. First, we
note the PINN spectra and the formal solution spectrum
are qualitatively alike. In particular, they both exhibit
typical P-Cygni lines as are also seen in the observed
and TARDIS spectra. P-Cygni lines are characteristic
of supernova atmospheres and expanding atmospheres
in general and, as explicated above, have a broad emis-
sion feature centered around the laboratory line wave-
length and a blueshifted absorption feature. Note line
blending can distort P-Cygni line behavior to unrecog-
nizablity.

Second, in the spectra in Figure 6, P-Cygni lines are
recognizable for several conspicuous spectral lines: Ca
K&H 3934 A, 3968, A, Si 11 6355 A, S 1T 5468 A (mul-
tiplet average), S 11 5640 A (rough average of several
lines); Ca II 8498 A, 8542 A, 8662 A. Qualitatively, the
agreement between the PINN spectra and the formal so-
lution spectrum for these lines is moderate. Overall, the
PINN spectra show stronger emission features. This is
to be expected given that the PINN line emission specific
intensities in Figure 4 were generally too strong in the
PINN case. The PINN spectra also show noise which is
to be expected for PINN calculations. We note that nei-
ther the PINN sprectra nor the formal solution spectrum
produce the “W” shaped S II feature around 5500 A seen
in the observed spectrum. The TARDIS spectrum does
produce this shape qualitatively and this is probably
attributable to TARDIS’s better thermal state calcula-
tion compared to ours. TARDIS uses a dilute-blackbody
approximation in the temperature calculation and the
macroatom approximation in the source function calcu-
lation. Our thermal state calculation is simpler and is
described in §§ 2 and 3.3.

3.3. The Temperature Network

The plasma temperature calculated directly from
Equation (14) requires numerical integration. However,
it is known from previous simulations (e.g., Chen et al.
2020), that the temperature profile in supernovae above
the photosphere is a smooth function of radial veloc-
ity. Therefore, we use a simple neural network to in-
terpolate the temperature profile during the PINN cal-
culation in order to curtail the computational time in
numerical integration. The neural network is a simple
fully-connected neural network, the number of neurons
per layer is [1,64,64,64,1], and the activation function
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Figure 5. Left panel is the rest frame opacity k at various velocity coordinates. Right panel is the rest frame emissivity j at
various velocity coordinates. The wavelength is rest frame wavelength .

is the SELU function (Klambauer et al. 2017). During
the training of the optical network, the radius values of
the PDE collocation points are input into the temper-
ature neural network, then the predicted temperature
values are used to calculate the electron density N, the
level populations and the opacity and emissivity used
in Equation (1). During the training of the tempera-
ture network, we randomly sample 200 radius values,
then use the following loss function to train the neural
network:

Lr=%" [4aSBaTNeT(rn)4 — B (rn)—

" (42)

Vmax
o1 N, dv / do I(rn,ga)r :
Q

where n labels the random sample, r,, is the radius from
the random sample, T'(r,) is the neural network pre-
dicted temperature, and the integral is calculated using
trapezoid integration over the 2048 frequency pixels and
Monte Carlo integration with 200 sampling points over
the viewing angle ¢. The loss function forces an ap-
proximate solution of Equation (14) throughout the at-
mosphere. Note in the above equation we used I(r,, y)
which is a rest frame specific intensity. Properly, we
should use a comoving frame specific intensity. However,
the distinction between the two quantities is small.

Figure 7 shows the neural network predicted temper-
ature and the temperature calculated from the integra-
tion of the specific intensity I. There is reasonably good
agreement between the two temperature curves as seen
in the lower panel. At most radial velocities, the temper-
ature difference is smaller than 50 K. However, the tem-
perature difference near the inner boundary is ~ 500 K
and near the outer boundary is ~ 250 K. Although other
methods (i.e., linear interpolation, cubic spline) may be
as good as, or even better than, the neural network in
approximating the temperature profile as a function of
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radius T'(r) from 200 sampling points, the neural net-
work will be a better interpolation function in higher
dimensional problems (e.g., the 3D radiative transfer
problem). So we will continue to use the neural net-
work as the temperature interpolation function for the
upgrades in the future.

We need reiterate that our atmosphere calculation
relies on many approximations, and many results, in-
cluding the temperature profile in Figure 7, have low
quantitative reliability. However, the temperature pro-
file is roughly consistent with expectations from de-
tailed NLTE calculations insofar as we can tell. One
of the few papers to publish temperature profiles from
detailed NLTE calculations for supernovae is DerKacy
et al. (2020). Their Figure 11 shows temperature pro-
files for SN 2011fe for a similar ejecta model to the
one we use, but with an outer boundary at about
25,000 km/s. Recall in our ejecta model the inner and
outer boundaries are at, respectively, the velocity co-
ordinates 10151.4km/s and 35675.3km/s. The profiles
of DerKacy et al. (2020) are overall about 2000 K lower
than ours, but they are modeling SN 2011fe for an epoch
10 days later than our spectrum when an overall decline
in temperatures in the outer layers of order 2000K is
to be expected. Also the overall density of their ejecta
model is a factor of ~ 6 lower than that of our ejecta
model because of ejecta expansion in the interval be-
tween the two epochs. The higher density for the epoch
for our model usually means NLTE effects will be lower
for our epoch. The temperature profiles of DerKacy
et al. (2020) are for a range of model luminosities. The
lower luminosities give a monotonic decline with veloc-
ity and the higher ones give a rise in temperature above
20,000km/s. The reasons for the rises are not explic-
itly discussed by DerKacy et al. (2020). However, we
conclude from their results that NLTE effects in and of
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Figure 6. In the wavelength representation, the spectrum of SN 2011fe at 12.35 days after explosion (black line), the TARDIS
synthetic spectrum (blue line), the PINN spectra from N14 and N6 neural network structures (red line and green line), and the
formal solution spectrum (orange line). The intensity is in arbitrary units and rest frame wavelength X is on a logarithmic scale.
The PINN spectra and formal solution spectrum are moved upward by 3 units (as indicated in the legend) for clarity. Several
spectral lines are marked with magenta dashed lines.

1000 themselves do not lead to rising temperature in the outer 10 time: 62 hours in total (see below). The computation
wo layers of SNe Ia. Combinations of effects may lead to 1 time of different sub-steps of the training on a Nvidia-
1002 Tises or not as the case may be. u2 A100 GPU card are as follows:

1003 3.4. The Training Procedure 113 e Calculating the k,ps and jen, values of 1500 PDE

ws  When training the gamma-ray neural network, we use collocation points on 2048 frequency sampling pix-

ws the Adam algorithm (Kingma & Ba 2014) to update 15 els takes 965 ms.
06 the trainable parameters. In each epoch of training, the

w7 neural network reads a small batch of data with 2000 ¢ Updating the optical neural network with the

ws PDE collocation points, 2000 outer boundary points, 1117 Ad.am algorithm using 1500 ,PDE collocatp "
. . . 1118 points, 1500 outer boundary points, and 1500 in-
w9 and 2000 inner boundary points to update the train- .
1119 ner boundary points takes 71 ms.

noo able parameters. An epoch has 200 batches and there
no are 140 epochs. During the training, the learning rate

1120 e Calculating the integral in Equation (14) over 200
o2 changes from 1 x 107* to 1 x 1075, The first few epochs

121 sampling points takes 863 ms.
uos have larger learning rates to efficiently train the neu-
uos ral network to an approximate solution, and then the 1 e Updating the temperature with the Adam algo-
uos smaller learning rates in the following epochs increase 13 rithm using 200 sampling points (see § 3.3) takes
nos the training precision. The total training time is about 115 4.5 ms.

uor 36 minutes using one Nvidia-A100 GPU card.
nos  The optical neural network with the N14 structure is 12s  Note the calculation of the k,ps and jen, values and the
100 much more sophisticated and requires more computation 12 integral in Equation (14) take much longer times than
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Figure 7. Upper panel: The predicted temperature from
the temperature neural network (orange dashed line) and
the temperature integrated from the specific intensity using
Equation (14) as functions of radial velocity. Lower panel:
The difference between two temperatures.

the other two computation processes. In order to accel-
erate the training, we make two modifications. First, we
repeat the updating of optical neural network 20 times
on the same batch of data points. Second, because the
temperature neural network is much simpler than the
optical neural network, we set the learning rate to be 10
times of that of the optical neural network.

As aforesaid for the optical network, the training
batch size is 1500 for the PDE collocation points and
for each of the inner and outer boundary points. An
epoch has 400 batches and the total training procedure
has 136 epochs. Similar to the gamma-ray neural net-
work, the learning rate of the optical neural network
changes from 1 x 107 to 1 x 10~¢ during the training
epochs. The total training time of the N14 neural net-
work is 62 hours using one Nvidia-A100 GPU. The total
training time of the N6 neural network is 60 hours using
one Nvidia-A100 GPU, which means a simplified neural
network structure did not significantly reduce the large
amount of training time in the present work.

4. CONCLUSION

We used PINNs to calculate an optical spectrum of
SN Ia SNe SN 2011fe at 12.35 days after explosion.
The specific intensity throughout the supernova atmo-
sphere is roughly solved and the synthetic spectrum
is in qualitative agreement with the observed spec-
trum and the formal solution spectrum, noting espe-
cially that the spectrum line profiles caused by sev-
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eral important atomic transitions (e.g., SiIl 6355 A,
Ca II 8498 A, 8542 A, 8662 A) are qualitatively repro-
duced.

However, there are several challenges to the further ex-
ploration of the supernova explosion mechanism via the
PINN-based method. First, the PINN-based method is
inefficient at integration. The only integral calculation
in the current PINN setup is Equation (14) for temper-
ature which requires a significant amount of the compu-
tation time.

Second, apart from the integration calculations, PINN
calculation is slow. Despite the temperature neural net-
work, the refined training strategy, and other tricks we
have introduced, which have already accelerated the
training procedure significantly, the computation cost
of a full simulation is about several GPU-days In con-
trast, TARDIS typically uses several CPU hours to run
a simulation.

Third, the PINN spectrum is not quantitatively ac-
curate as shown by comparison to the formal solution
spectrum. We surmise that this is due to large order-
of-magnitude variations in emissivity jem and opacity
Eabs (see § 3.2). Using XPINN (Hu et al. 2021), which
can separate the parameter space into different subdo-
mains and connect the neural networks in different sub-
domains with extra boundary conditions, may alleviate
this order-of-magnitude variation problem. However, we
did not attempt this method in this paper because it
can drastically increase the computational resources re-
quired.

To summarize, using PINN in the forward model-
ing problem of supernova radiative transfer calculation
faces multiple challenges in computational efficiency,
and therefore in applying it to a large grid of super-
nova ejecta models. The challenges to PINN radiative
transfer equally apply to the construction of a PINN in-
verse problem solver which encodes the supernova ejecta
structure parameters into the input of the PINN and fits
observed spectra. If the challenges are not overcome,
an inverse problem solver will be too computationally
demanding for use. The high dimensionality of the pa-
rameter space for an inverse problem solver adds to the
challenges.

Clearly, innovative upgrades are necessary to signif-
icantly accelerate the PINN training process and ra-
diative transfer calculation for either forward or in-
verse modeling. Those upgrades may include combining
PINN with other methods: e.g., Monte Carlo or tradi-
tional numerical PDE methods.
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Figure 8. An illustration of the geometry of the atmosphere and the beam path used in our presentation of the formal solution.
APPENDIX

A. THE FORMAL SOLUTION OF THE RADIATIVE TRANSFER EQUATION

In this appendix, we present the analytical formal solution of the specific intensity I at a given coordinate r and
a viewing angle ¢ for the radiative transfer equation (Eq. (1)) written in terms of beam path coordinate x, where x
increases in the direction of radiation flow (i.e., the beam path direction). For our presentation, Figure 8 illustrates
the geometry of the atmosphere and the beam path for the case that the beam path intersects the outer boundary of
the atmosphere. Note the viewing angle ¢ is the angle between outward radial direction and the beam path: we leave
it unsubscripted for point B and subscripted by x and z’ for the corresponding points shown in Figure 8. In terms, of
x, the radiative transfer equation (neglecting time dependence) is

or_ ;. (g)_2 +hans () 1=0, (A1)

or v

where the frequency dependence is implicit for I, jem, and kaps (Castor e.g., 1972, eq. (1-3); see also Mihalas 1978,
p- 31,33,495-496) and, as in § 2, ¥ is rest frame frequency and v is comoving frame frequency. As a simplification, we
define the opacity and emissivity in rest frame as K = kaps (%) and J = jem (%) _2, and note that they both depend on
the viewing angle ¢ via the v/ factor as seen from Equation (2) in § 2. The formal solution follows straightforwardly
using the integrating factor efa K (rar-ear) da’,

B
I(v,r,9) = Inc e J5 Klrape)do / T (g pp)e™ J Krarsear) 42’ gy (A2)
A

where Igc is the boundary condition value. If point A is on the inner boundary, then Igc is the inner boundary
condition, which is Equation (36) as in the main text. If point A is on the outer boundary, then Igc is the outer
boundary condition, which is zero. The formal solution is calculated by numerical integration.
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Figure 9. The specific intensity formal solution given in color format for our SN Ia atmosphere with specific intensity as a
function of velocity coordinate and viewing angle ¢ for a single representative frequency with kabs and jem set to constant values.
The specific intensity increases as color varies from purple to yellow.

1z Note for a given r, the ¢ parameter space is divided into two regions: one where point A is on the inner boundary
128 and one where it is on the outer boundary. The dividing line ¢q;y is given by

1329 ¢div = arcsin (Tmin) (A3)
T

13 which always satisfies 0 < @q;v < 7/2. The specific intensity is discontinuous across the dividing line since the
13 boundary condition Igc changes discontinuously across the dividing line. Therefore, we use two neural networks, one
132 for each region.

13 Figure 9 shows an example of the formal solution. The discontinuity at the dividing line can clearly be seen as the
13w curve separating the yellow color (which characterizes beams starting on the inner boundary) and the green and bluer
135 colors (which characterize beams starting on the outer boundary).
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