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Equations of State

An equation of state (EOS) is
a set of equations relating
state parameters (e.g. density,
pressure, energy) of a fluid.

Ideal EOS
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p = Density

u = 1D Velocity

p = Pressure

s = Specific entropy

General EOS

E = Total energy density
e = Specific internal energy
H = Specific enthalpy

a = Adiabatic sound speed
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The Riemann Problem

Simple 1D hydrodynamics problem
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The Riemann Problem

Vector form (quasilinear approximation)
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The Riemann Problem

. Adi '
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The Riemann Problem

Three types of waves

Rarefaction/simple wave

19.dU =0
d
Reducestods =0, du = + a—p
p

Contact wave/discontinuity

du; dy;

5y
ri% r](.)

foralli,j e {1,2,3}

Reducestodp =0, du =0

Shock wave (non-linear)

Fluxes are conserved across shock:
Rankine-Hugoniot conditions

(a’w = downwind>

uw = upwind

Pawldw = Puwluw = Fm
pdwu(%w +pdw i puwulfw +puw = Fp
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The Riemann Problem

Solution

U o) = Ul
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wave discontinuity




The Riemann Problem

Solution
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Athena++
Implementation

Additional Functions

Real EquationOfState:

Real EquationOfState:

Real EquationOfState:

Real EquationOfState:

:PresFromRhoEg(Real rho, Real egas)

Gas pressure Density
p P

Gas energy density
e = pe

:EgasFromRhoP (Real rho, Real pres)

Gas energy density Density Gas pressure
e

p P

:AsgFromRhoP (Real rho, Real pres)

(Sound speed)”2 Density Gas pressure
0 P L

:RiemannAsqg(Real rho, Real hint)

hint=(egas+pres)/rho
(p+e)lp

(Sound speed)2  Density
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Athena++
Implementation

Additional Functions

p=lr=1lle. > p=pipec) p = peos->PresFromRhoEg(rho, egas)
€=L1 = e=¢(pp) e = peos->EgFromRhoP(rho, pres)
y—
P
612=}’; — a*=(p,p) asq = peos->AsgFromRhoP(rho, pres)
2 h > : .
a=@—-—1)— - a“=(p,hi/p) asq = peos->RiemannAsg(rho, hint)
p



Athena++
Implementation

> python configure.py --prob eos test --eos general/eos table

Ideal FOS: v =11

# Entries must be space separated.

# n var, n espec, n _rho

# (fields) (rows) (columns) AA@P‘AQ’p%7

4 2 3

# Log espec lim (specific internal energy e/rho) log(emin)’log(emax) g e/p
-1.0000e+01 2.0000e+01

fz%zgogrelioilzl.ooooﬁoo 10g(Pmin)» 108(Pmax)  l0g(x) = logio(x)
# Ratios = 1, eint/pres, eint/pres, eint/h

# This line is required iff EOS read ratios
1.0000e+00 1.0000e+01 1.0000e+01 9.0909e-01
# Log p/e(e/rho,rho) p
-1.0000e+00 -1.0000e+00 -1.0000e+00 log '—'(G,p)
~1.0000e+00 -1.0000e+00 -1.0000e+00 7

Log e/p(p/rho,rho) e
.0000e+00 1.0000e+00 1.0000e+00 fog
.0000e+00 1.0000e+00 1.0000e+00 e -
Log asg*rho/p(p/rho,rho) | a

.1393e-02 4.1393e-02 4.1393e-02 . log
.1393e-02 4.1393e-02 4.1393e-02

Log asg*rho/h(h/rho,rho)

~1.0000e+00 -1.0000e+00 -1.0000e+00 log
~1.0000e+00 -1.0000e+00 -1.0000e+00

T —— e

*H D FH -~ F%




Example EOS

Simple Hydrogen EOS

> python configure.py --prob shock tube --eos general/hydrogen

H' = Ht +e"

Table 1. Assumed Units

Saha equation:

e neZH,O = x2 pZH,O Quntity Symbol Expression cgs value
N ZeZH,l ZeZH,l mass My My 1.6726219e-24
Fraction - T T \32 number density g (Zwmgljﬂ"“) T sias02e23

5 X2 exp < ion > < 1on) | L amuc
myn, 75 T } temperature Tion P 157,888
| density Pu MpNg 0.253384
pressure P, NqkTion 3.302272e12
i ka ll o= x(p, T)] speed Vu \/m 3.6100785e6
Kl 3P length Tu ng '/ 1.8758844e-8
= m, x(p, T) + E; time t Zu /U 5.196243¢-15




Example EOS

Simple Hydrogen EOS
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Tests

Table 2. Riemann Tests

Test # Test Type o1 U T Pr Uy T At/Ax
1 Sod-like le-07 0.0 0.15 1.25e-08 0.0 0.062  0.25
2 Sod-like 4e-06 0.0 0.12 4e-08 0.0 0.019 0.3
3 Asym. Shock-Shock 8e-07 1.1 0.006  4e-07 -1.7 0.006 1.5
4 Asym. Shock-Shock 5e-07 1.5 0.006  4e-07 -1.8 0.006 1.5
5 Sym. Rare-Rare 8e-05 -0.8 0.095  8e-05 0.8 0.095 0.25
6 Asym. Rare-Rare  6e-05 -0.5 0.095  8e-05 0.9 0.095 0.25
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Test 4

Normalized Error
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Future Goals Assumptions
« MHD (need tests) Ip Ip
* Function of passive scalers <$> >0, <$> >
* More table options?
* Implement HLLE One Thermodynamic Derivative
« SR/GR = (oD
* Add temperature function L (5) :

Additional Functions

Real EquationOfState::PresFromRhoEg(Real rho, Real egas)

Gas pressure Density Gas energy density
_ p p e = pe
Real EquationOfState::EgasFromRhoP(Real rho, Real pres)
Gas energy density Density Gas pressure

; . P .
Real EquationOfState::AsgFromRhoP(Real rho, Real pres)
(Sound speed)"2 Density Gas pressure
2

: : a p P
Real EquationOfState::RiemannAsg(Real rho, Real hint)
(Sound speed)2  Density hint=(egas+pres)/rho
e i P (p+elp
Wiki

https://github.com/PrincetonUniversity/athena/wiki/General-Equation-of-State
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