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by D. P. S H E L T O N  

Department of Physics, University of Manitoba, Winnipeg, 
Manitoba, R3T 2N2, Canada 

(Received 16 May 1986 ; accepted 31 ffuly 1986) 

An expression for the off-resonance vibrational contribution to the hyper- 
polarizability of a homonuclear diatomic molecule is derived. This expression 
is written in terms of the Raman transition polarizability, and it explicitly 
gives the frequency dependence of all the independent tensor components of 
the hyperpolarizability of a randomly oriented, freely rotating molecule. The 
vibrational contributions to the hyperpolarizabilities of several molecules are 
evaluated and compared, both in the static limit, and also at optical fre- 
quencies. Several nonlinear optical processes are considered. 

1. INTRODUCTION 

Nonlinear optical phenomena have attracted much interest in recent years. 
The  development of high power tunable lasers has made possible a wide range of 
nonlinear optical experiments and applications, ranging from coherent anti- 
Stokes Raman spectroscopy (CARS) to the generation and manipulation of ultra- 
short laser pulses [1-4].  The third-order nonlinear susceptibility X (3) which 
mediates these optical processes is the macroscopic expression of the microscopic 
molecular second hyperpolarizability tensor y. Perturbation theory gives a single 
expression for ),, and the hyperpolarizabilities corresponding to each of the 
various nonlinear optical processes are just special cases of this general expres- 
sion, differing only in their frequency arguments [5-7].  However, each process 
(e.g. dc Kerr effect, electric-field-induced second-harmonic generation (ESHG)  
and third-harmonic generation (THG))  has a characteristically different balance 
of contributions from the electronic, vibrational and rotational degrees of freedom 
of each molecule. It is important to disentangle the various contributions to ~, 
especially in the context of dynamic response to short pulses, because the differ- 
ent mechanisms are characterized by widely different time scales. Furthermore,  
such a decomposition will allow the results of experiments based on different 
nonlinear optical processes to be compared and combined. A basis for the com- 
parison of the nonresonant electronic contributions to the hyperpolarizabilities of 
atoms and molecules has already been described [8]. Below we will derive an 
expression for the off-resonance vibrational contribution to ~. 
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6 6  D . P .  S h e l t o n  

2. POLARIZABILITY APPROXIMATION FOR ~v 

The starting point for the ensuing derivation will be an explicit quantum- 
mechan ica l  express ion  o b t a i n e d  b y  O r r  and  W a r d  [5].  T h i s  express ion  is a p p r o -  
pr ia te  when  d a m p i n g  m a y  be ignored ,  and  is su i tab le  even in the  s ta t ic  l imi t .  F o r  
a n o n d i p o l a r  mo lecu le  the i r  express ion  m a y  be wr i t t en  as 

{ .~n, (g[#~[m)(m[tz~[n)(n[~lP)('P[l~[g) 
0) 1, 0) 2, 0) 3) h-3 

P m p ( 0 ) - g  - 0 )* ) (0 )n0  - 0)1  - 0 ) 2 ) ( 0 ) p g  - 0 ) 1 )  
(*g) 

~ , .  (0)m~ - 0 )~) (0)~  - 0)1)(0),~ + 0)2) 3' 
(*g) 

where  )-~p deno tes  s u m m a t i o n  of  the  24 t e rms  gene ra t ed  b y  p e r m u t i n g  the fre-  
quenc ies  wi th  the i r  associa ted  spat ia l  subsc r ip t s ,  - 0 ) ,  + 0)1 + 0)2 + 0)3 = 0, ]g)  is 
the  ini t ia l  (g round)  state of  the  sys t em and  #~ is the  ~ Car tes ian  c o m p o n e n t  of  the  
e lect r ic  d ipo le  m o m e n t  opera to r .  F o r  the  p r e se n t  p u r p o s e  equa t ion  (1) is equ iva-  
lent  to the  resul ts  ob t a ined  b y  o the r  ca lcu la t ion  schemes  [6, 7], b u t  its fo rm is 
more  convenien t .  No te  that  whi le  the  t r e a t m e n t  of  pu re  ro ta t iona l  t r ans i t ions  is 
ana logous  to the t r e a t m e n t  of  v ib ra t iona l  t rans i t ions ,  ex t ra  compl i ca t i ons  m a y  
arise if d a m p i n g  canno t  be ignored .  In  this  case the  full 48 t e r m  express ion  for y 
m a y  be  r e q u i r e d  [6, 7]. 

T h e  separa t ion  of  equa t ion  (1) into e lec t ronic ,  v ib ra t iona l  and  ro ta t iona l  con-  
t r i bu t i ons  is done  by  g r o u p i n g  t e rms  acco rd ing  to w h e t h e r  they  show resonances  
at e lec t ronic ,  v ib ra t iona l  or  ro ta t iona l  t r ans i t ion  f requencies .  Since  the  m a t r i x  
e l emen t s  ( g l p ~ [ m )  vanish  by  s y m m e t r y  for  t r ans i t ions  to s tates  wi th in  the  
v i b r a t i o n - r o t a t i o n  man i fo ld  of  the  g r o u n d  e lec t ronic  state of  a h o m o n u c l e a r  
d i a tomic  molecu le ,  the  on ly  t e rms  which  m a y  show v ib ra t iona l  or  ro ta t iona l  res-  
onances  come  f rom a subse t  of  the  first g roup  of  t e rms  in equa t ion  (1). T h e  
v ib ra t iona l  c o n t r i b u t i o n  to the  h y p e r p o l a r i z a b i l i t y  is the  sum of  all t e rms  wh ich  
m a y  exh ib i t  v ib ra t iona l  r e sonances  and  is d e n o t e d  yv. T h u s ,  the  v ib ra t iona l  con-  
t r i bu t i on  to y is g iven b y  

1 
~vfl),6(--0)o-; 0)1' 0)2' 0)3) : ~ - 3  E E 

P I 0) 1 0) 2) n( ~ e) 

{ ~ (g]kG[m)(m'#6'n) t t  ~'~ ~ (n[#']P)("P'bt"g)}, (2a )  x 
m(*g) -((s : ~ 5  ) Lp('g, (0)pg -- 0)1) 

where  s tates  to be s u m m e d  over  are 

[g) = [e, v, J, M ) ,  (2 b) 

[m) ,  [p)  = [e", v", J", M " ) ,  e" :/: e (2 c) 

[n) = [e, v', f , M'), v' # v (2d)  

and where  e is the  e lec t ronic  q u a n t u m  n u m b e r ,  v is the  v ib ra t iona l  q u a n t u m  
n u m b e r  and  J,  M are the  ro ta t iona l  q u a n t u m  n u m b e r s  of  a state.  No te  tha t  the  
state speci f ica t ion is a p p r o p r i a t e  for  a gas of  n o n i n t e r a c t i n g  l inear  molecu les .  
Since  the  m o l e c u l a r  p o p u l a t i o n  is usua l ly  d i s t r i b u t e d  over  severa l  ini t ia l  s tates  one 
m u s t  also average over  the  ini t ia l  s tates  ]g)  in equa t ion  (2) b y  m e a n s  of  a sum 
~'~g p(g), whe re  p(g) is the  n o r m a l i z e d  p o p u l a t i o n  d i s t r i b u t i o n  funct ion .  A v e r a g i n g  
over  the  M q u a n t u m  n u m b e r  of  [g)  has the  effect of  an o r i en t a t i on  average.  
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Vibrational hyperpolarizabilities 67 

The vibrational contribution 7 v given by equation (2) is a measure of the 
induced dipole resulting from the displacement of the nuclear positions by the 
applied fields, and the separation of 7 into electronic and vibrational contributions 
is analogous to the well known separation of the linear polarizability 0t into ~e and 
:t v [9]. Note that there is another contribution to 7 (or ct) which is vibrational in 
origin but which is not included in 7 v (or :iv). This contribution arises through the 
parametric dependence of 7 e on internuclear separation R. Thus,  the observed 7 e 
is obtained by averaging 7e(R) over the vibrational coordinate of the ground 
vibrational state, which increases 7 ~ over its value at the equilibrium internuclear 
separation [18]. The 7 ~ given in equation (2) differs from this vibrational averag- 
ing contribution in that the dipole induced through y v arises from the nuclear 
motions driven (possibly resonantly) by the applied fields, rather than solely 
through electronic displacements with respect to the unperturbed nuclear posi- 
tions. 

The essential approximation that makes equation (2) tractable is that of repla- 
cing each of the last two factors of equation (2 a) by a Raman transition polariza- 
bility [10]. This approximation will be adequate when the electric field 
frequencies are all well below electronic resonance frequencies. In this case one 
may use the static limit of the Raman transition polarizability 

2 (gl#,[m)(m]#~]n) ~:~ = ~ Z (3) 
ra(~ g) (ore a 

to put equation (2 a) in the form 

v ~ y ,  %.%r . (4) ~)~t,SY~ (-('Oer; (DI' (/)2' (03) ~" Z P(g) on no 

"7"7 ,(#0) 4h ((0,0 - (01 - ~ 

The restriction on states In) given by equation (2 d) still applies. The averaging 
over initial states of a population of molecules has now been included, ensuring 
that the tensor 7 v is isotropic. 

Equation (4) becomes exact in the static limit. For nonzero field frequencies 
the approximation employed to obtain equation (4) amounts to ignoring the small 
dispersion of the nonresonant Raman polarizability [11, 12]. A measure of the 
accuracy of the approximation is obtained by considering the dispersion of the 
molecular polarizability between (0 = 0 and optical frequencies, which is about 2 
per cent for the molecules to be considered (H2, D2, N2,  O2) [4]. Therefore, at 
optical frequencies equation (4) may be expected to underestimate 7 v by about 4 
per cent when the static transition polarizability is used. A better approximation 
might be to use the transition polarizabilities evaluated at some suitable average 
field frequency rather than at zero frequency. 

3. SPHERICAL TENSOR FORM AND ORIENTATION AVERAGING 

The evaluation of 7 v is facilitated by re-expressing equation (4) in terms of 
irreducible spherical tensors, because both isotropic averaging and the sum over 
free rotor states are simpler in terms of spherical rather than Cartesian tensors. 
The method is that of Yuratich and Hanna [10, 13]. Thus,  the isotropic average 
of the tensor product appearing in equation (4) may be written as 

g*~ = ~ (2K + 1)-*C~)'~)0K. (5) 
KQ 
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68 D . P .  Shehon  

T h e  hor izontal  bar  denotes  an or ienta t ion average,  ct~ ) is the Q- th  c o m p o n e n t  of  
the K - t h  rank i r reducible  spherical  tensor  [14],  and 0 r is a scalar funct ion  of  the 
electric field polar izat ions alone [10, 13]. T h e  angular  factor  0 r is defined as the 
scalar p roduc t  of  two K t h  tank tensors  

oK = (@0 e3) (r) �9 (e2 | (r), (6) 

where  (e 0 e 3 )  (g) is the K t h  rank i r reducible  tensor  p roduc t  of  vec tors  e 0 and e 3 . 
T h e  uni t  vectors  e0 ,  e l ,  e2 ,  ea define the polar iza t ion states of  the scat tered and 
incident  electric fields. 

Af ter  pu t t ing  equat ion  (4) into spherical  tensor  f o r m  and using the state 
descr ip t ions  of  equat ion  (2b, d), one m u s t  then p e r f o r m  the sums  over  p e r m u -  
tat ions P and over  q u a n t u m  n u m b e r s  v', J ' ,  M ' ,  K and the averages over  v, J,  M,  
Q. App ly ing  the W i g n e r - E c k a r t  t h e o r e m  gives 

~, Z I <ev'J'M' l c~) l evJM> I z = (2J + 1) -11 <ev'J'lPct(K)llevJ> [2, 
M' Q 

(7) 

where  < 'H"  It" ) denotes  the reduced  mat r ix  e lement .  T h e  r ight  hand  side has no 
M dependence ,  so that  averaging  equa t ion  (7) over  the M q u a n t u m  n u m b e r  leaves 
it invariant .  T h u s ,  the result  of  sums  over  M ,  M ' ,  Q m a y  be s imply  expressed  in 
t e rms  of  the reduced  mat r ix  e lement .  T h e  value of the reduced  mat r ix  e lement  is 
[10] 

J '  K j ) 2  
I<ev'J'll~(~)llevJ>[ 2 = ( 2 J +  1)(2J'  + 1) 0 0 I~gX)12" (8) 

For  a l inear molecule  the Q = 0 spherical  t ensor  c o m p o n e n t s  are [14] 

~(o ~ --(1/3)1/2(0~11 + 2oq), (9 a) 

~(o ~) = O, (9 b) 

a(02) = (2/3)x/• -- a• (9 c) 

where  ~ll and ~• are the polarizabil i t ies  parallel  and pe rpend icu la r  to the molecu-  
lar axis. 

C o m b i n i n g  equat ions  (5), (7), (8) and subs t i tu t ing  into equat ion  (4) gives 

~)v/~?b(--O)a; 091' 092' (D3)= p~ E ~K p('u, J) 2.1' + 1  
v~v'J' 4h 2 K  + 1 
(v*v ')  

 0J) 2 x 0 I ~~ 12 O~wp (10) 
(a)vjv, J, -- a71 -- a72) ' 

K 
where  0~ra is the angular  factor  evaluated for  electric field polar iza t ions  along the 
ctflT3 Car tes ian  axes. T h e  usual R a m a n  selection rule A J  = 0 ,  _ 2 is e m b o d i e d  in 
the W i g n e r  3 - j  s ymbo l  appear ing  in equat ion  (10). Subs t i tu t ing  the values  of  
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Vibrational hyperpolarizabilities 69 

the 3 - j  symbols [15] and evaluating the sums over f and K in equation (10), 
one obtains 

E (4t~) -1 
V, V' J 

( v ~ v ' )  

{ [  ( J +  1 ) ( J +  2) 2 p(v ,  J)(otlt - ~• ~'J+2 

x (2"J+ 1)(2J + 3) (09~s,~,s+2 - 091 - ~2) 

2 (J + 1)(J + 2) p(v, J + 2)(ctl/ - ctl)~j+2 ' ~,j + 
( 2 J +  3)(2J + 5) (09~J+2, cJ -- 091 - t~ 

2 J(J  + 1) p(v, J)(~ll -- ~l)~s, o's] 0~mr~ 

+ 3 ( 2 J - - 1 - ) ~ J + 3 )  (09~s,o 's-09x-~ A 5 

. . . .  O~ . (11) 
(09v J, v'J - -  091 - -  (O2) 3 /~s, o's 

~ ( - 0 9 , ;  09, ,  o ~ ,  093) = Y~ 
P 

4 .  S U M  OVER P E R M U T A T I O N S  

As well as summing over molecular states, one must also sum over all permu- 
tations of the paired electric field frequencies and polarizations in order to evalu- 
ate 7 v. One may interchange the order of summation in equation (11), and then 
split each term into a factor invariant under  the permutation operator multiplied 
by a factor of the form 

K 1 ~ 0 ~  
D K ( ~ )  - -  4 ~ ( f l  - 091 - 0)2)  

(12) 

where ~ is the transition frequency 09~s, ~'s'. Given an expression for O r one may 
explicitly perform the summation in equation (12). Th e  factors Dr(~)  contain 
essentially all the frequency and polarization dependence of ~v. 

The  angular factors O r defined by equation (6) have, in the case where the 
polarization vectors are all coplanar, the explicit expression 

0 0 = � 8 9  0 . e 3 ) ( e  2 . el) ,  (13 a) 

0 2 = ~ { ( e o . e a ) ( e 2 . e l ) + 3 ( e 0 . e l ) ( e 2 . e s ) + 3 ( e 0  x e l ) . ( e  2 • e3) }. (13b) 

Furthermore,  the following symmetries apply in the case that the polarization 
vectors are linear, coplanar and oriented along cartesian axes 

0 K , ~  K K K = 0~v  = 0 a ~  = 0~p~. (14) 

The  sum in equation (12) is evaluated by writing down all the terms formed 
by simultaneous permutations of ( - 0 9 . ,  091,092, ~ and (0t, fl, y, t$), applying the 
symmetries of equation (14), and regrouping to obtain 

where 

K K K DK(~'~) = O~&,#D 1 + O~,#,~D2 + O~#r,~D3 

Dl = ~(f~; ~ + 092), 

D2 = ~(f~; 091 + 093), 

(15) 

(16a) 

(16b) 
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70 D . P .  She l ton  

Table 1. The frequency factors DK(~) defined by equation (12) have been evaluated for 
the four combinations of field polarizations needed to completely describe a general 
isotropic fourth rank tensor. Note that only three of these components are indepen- 
dent because of the relation Txxxx = Txxrr + Txr,,r + Txrrx which holds for isotropic 
tensors [19]. The terms D~, D2, D 3 are defined by equation (16). 

~/~76 3D~ 6Dz(fl) 

xxxx (D1 + D2 + D3) 4(D1 + D2 + D3) 
xxyy  D 3 3(D 1 + D 2 + D3) - 5D 3 
xyxy  D 2 3(D a + D  2 + D  3 ) - 5 D  2 
xyyx  D 1 3(D 1 + D 2 + D3) -- 5D 1 

D3 = ~ ( ~ ;  ~2 + C03) (16 c) 

and  

2fl  
~ ( f l ;  co) - ~2 _ co2 (16d)  

T h e  values  of  DK(~) in the  specific case of  co l inear  l ight  b e a m s  p r o p a g a t i n g  a long 
z ,  with  l inear  po la r iza t ion  vec tors  a long x and y,  are o b t a i n e d  b y  c o m b i n i n g  
equa t ions  (13) and  (15). T h e  resul t s  for DK(~) are given in table  1. In  t e rms  of  
DK(~), equa t ion  (11) m a y  be wr i t t en  as 

7vfl~,~(--(Da; (D1, 602 , (.03) 

= h - l y  y 
V, r)' J 

(v~v') 

1 [ ( J  + 1 ) ( J +  2) 
x ~-~ [_(2--~ 1)(2J  + 3) p(v,  "1)(~11 - ~177 v'J+26[I)2(~ v 'J+2) 

( J + l ) ( J + 2 )  2 2 
+ (2J  + 3)(2J  + 5) p(v ,  J + 2)(~ H --  ~• v , j6D (~OvJ+2, v'a) 

2 J ( J  + 1) 2 2 ] 
+ 3 (2J  -- 1)(2J  + 3) p(v ,  J)(o~ll -- o~z)vS ' v , j 6 D  (g%s, v'S) 

3 ~v J, v'J 
(17) 

5. FURTHER APPROXIMATIONS 

T h e  p r inc ipa l  a p p r o x i m a t i o n  m a d e  in the  de r iva t ion  of  equa t ion  (17) has been  
the use of  the  R a m a n  t rans i t ion  po la r i zab i l i t y  in equa t ion  (4). Howeve r ,  mo lecu l a r  
po la r izab i l i t i e s  are not  usua l ly  k n o w n  in the  deta i l  r e q u i r e d  to eva lua te  equa t ion  
(17) as it  s tands.  The re fo r e ,  to ob ta in  a m o r e  conven ien t  express ion  for  yv, we will  
e m p l o y  several  fu r the r  app rox ima t ions .  T h e  adequacy  of  these  a p p r o x i m a t i o n s  
will  be  assessed when  ~v is ca lcu la ted  for the  d i a tomic  molecu les  H 2 ,  D 2 , N 2 and  
0 2 . T h e  a p p r o x i m a t i o n s  to be m a d e  are fourfo ld .  
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Vibrational hyperpolarizabi!ities 71 

T h e  first a p p r o x i m a t i o n  to be  m a d e  is tha t  of  a s suming  on ly  the  g r o u n d  
v ib ra t iona l  s tate is popu l a t ed ,  and  tha t  on ly  the  f u n d a m e n t a l  v = 0 - *  1 v ib ra t iona l  
t r ans i t ion  c o n t r i b u t e s  s ignif icant ly .  F o r  a f u n d a m e n t a l  v ib ra t iona l  f r equency  
above  1400 c m -  a, the  popu l a t i on  of  the  exc i ted  v ib ra t iona l  levels is r ead i ly  ca lcu-  
la ted to be  less than  0"1 per  cent  at r o o m  t e m p e r a t u r e  [16],  which  is negl ig ib le .  
T h e  v = 0---~ 2 over tone  R a m a n  t r ans i t ion  in tens i t ies ,  which  are p r o p o r t i o n a l  to 
the  c o r r e s p o n d i n g  over tone  c o n t r i b u t i o n  to ~v, have been  m e a s u r e d  for  D 2 ,  N 2 
and 0 2 [17] .  T h e  over tone  in tens i t ies  are m e a s u r e d  to be in the  range 0"03-0"12 
per  cent  of  the  f u n d a m e n t a l  in tensi t ies ,  wh ich  is again  negl ig ib le .  

T h e  second  a p p r o x i m a t i o n  is to ignore  the  J d e p e n d e n c e  of  the  t r ans i t ion  
po la r i zab i l i t y  ma t r i x  e l emen t s  ~ j ,  ~,j, and  to replace  t h e m  by  a s ingle r ep re sen t a -  
t ive value  for  the  v = 0--~ 1 t rans i t ion .  Such  an average R a m a n  po la r i zab i l i t y  s01 
is usua l ly  all tha t  is avai lable  f rom e x p e r i m e n t a l  m e a s u r e m e n t s .  

T h e  t h i r d  a p p r o x i m a t i o n  is to ignore  the  ro ta t iona l  t r ans i t ion  f requenc ies  
c o m p a r e d  to the  f u n d a m e n t a l  v ib ra t iona l  f r equency .  T h i s  is jus t i f ied  because  
(6 + 4 J )B  0 ~ 030a , where  B 0 is the  g r o u n d  state ro ta t iona l  cons tan t ,  and  also 
because  the  A J  = • 2 t r ans i t ions  are usua l ly  m u c h  weaker  than  the A J  = 0 t r an -  
s i t ions  in v i b r a t i o n - r o t a t i o n  R a m a n  spect ra .  

T h e  fou r th  and final a p p r o x i m a t i o n  is to take the  l imi t  J>> 1 in o r d e r  to 
s imp l i fy  the  sums  over  J. T h i s  a p p r o x i m a t i o n  is va l id  when  hB o ~ k T  because  
then  mos t  of  the  popu l a t i on  is in fact in h igh  J levels.  

A p p l y i n g  the  above  four  a p p r o x i m a t i o n s  to equa t ion  (17) resul ts  in the fo l low-  
ing s imple  express ion  

~ a ~ ( - 0 ) . ;  col, 0)2, (03) 

In  ob t a in ing  equa t ion  (18), all four  a p p r o x i m a t i o n s  are app l i ed  to the  D 2 t e rms ,  
whi le  on ly  the  first two a p p r o x i m a t i o n s  need  to be  app l i ed  to the  D ~ te rm.  Since  
the  D 2 t e r m  of equa t ion  (18) accounts  for  on ly  abou t  10 per  cent  of  the  to ta l  yv, 
one m a y  expec t  that  the  effects of  the  last  two a p p r o x i m a t i o n s  will  be c o r r e s p o n d -  
ingly  reduced .  E q u a t i o n  (18) is in a g r e e m e n t  wi th  the  resul t  p rev ious ly  de r ived  by  
means  of  a classical  o r i en ta t ion  average in t e rms  of  Car tes ian  t ensors  in the  special  
case of  E S H G  [18, 19]. 

6 .  S T A T I C  L I M I T  

T h e  re la t ive  con t r i bu t i ons  of  the  va r ious  t e rms  in ?v and the effects of  the  
a p p r o x i m a t i o n s  m a d e  in de r iv ing  the  express ions  for  7 v may  be assessed mos t  
read i ly  in the  s tat ic  l imi t ,  because  the  express ions  s imp l i fy  and because  there  is 
only  a s ingle i n d e p e n d e n t  t ensor  c o m p o n e n t  to cons ide r  [19].  At  co = 0, K l e i n -  
man  s y m m e t r y  requ i res  that  

v ~ v  v 1 v 
~ x x y y  = "~xyxy ~ -  ~ x y y x  = "~) . . . .  " (19) 

T h e  da ta  r equ i r ed  to evaluate  7vxxx for the  molecu les  H 2 , D 2 , N 2 and 0 2 have 
been  o b t a i n e d  f rom ab initio ca lcu la t ions  [20] and e x p e r i m e n t a l  m e a s u r e m e n t s  
1-11, 21], and  are p r e s e n t e d  in table  2. In  o r d e r  to evalua te  Y~xxx f rom equa t ion  
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72 D. P. She l ton  

Table 2. Molecular parameter values used to evaluate yr. 

Molecule 

(B~n~ g"*(J)(CZl, + 2a• / 
Vo 1 J = even 3 / O l  (a l l  - -  Ct• 
(cm -1) (cm -1) odd ( lO-42C2m2j  -1) ( lO-42C2m2j  - l )  

n 2 t  
D2~ 
N 2 w  

02w 

4156 59.32 1/3 12"21 10"09 
2988 29.91 2/1 10"18 8"28 
2331 1.990 2/1 6-13 4-04 
1555 1"438 0/1 5"89 5"89 

t Ab initio values for the J = 1 state, from [20]. 
Ab initio values for the J = 2 state, from [20]. 

w From Raman intensity measurements of [11] and depolarization ratios of [21]. 

(17) one needs  the  n o r m a l i z e d  p o p u l a t i o n  d i s t r i bu t i on  func t ion  p(v, J). T o  a 
suf f ic ien t ly  good  a p p r o x i m a t i o n ,  p(v, J) factors  as p(v)p(J) where  p(v) = 6o,, and  

P ( J ) =  p'(J)/~ p'(JO (20a)  

p ' ( J )  = g.~(J)(2J + 1) exp ( - J(J  + 1)hBo/k T) (20 b) 

wi th  g.s(J) the  nuc lea r  s ta t is t ica l  we igh t  factor.  A l t e rna t ive ly ,  equa t ion  (18) in the  
s ta t ic  l imi t  becomes  s imp ly  

6 [4 (all+ 2a• 7 
~Vxxxx(O ; 0 ,  0 ,  0 )  = ~ (0C - -  61)021  "3 t" (21) 

hog0 ~ II 3 , /0t]" 

T h e  values  of  y ~ ca lcu la ted  us ing  equa t ions  (17) and  (18) are c o m p a r e d  in table  
3, where  the  resul ts  of  the  m o r e  a p p r o x i m a t e  express ion  equa t ion  (18) are seen to 
differ  ve ry  l i t t le  f rom the resul t s  o b t a i n e d  by  exp l i c i t ly  s u m m i n g  over  ro ta t iona l  
levels in equa t ion  (17). T h i s  good  a g r e e m e n t  is ob t a ined  because  the  t e r m s  ar i s ing  
f rom the second  rank  i r r educ ib l e  spher ica l  t ensor  pa r t  of  ~ (i.e. t e rms  invo lv ing  

2 (~IP -- ~x)vs, v'S') account  for on ly  abou t  5 pe r  cent  of  the  total  ~ .  W h i l e  the  t e rms  

Table 3. Calculated values of the static 7* at 293 K. 

Y~xxx(0; 0, 0, 0) /10-62C4m4J -3 

Equation (18)t 4-~(5 all -- a• 7~x~x(0; 0, 0, 0)w 
Molecule Equation (17) Equation (18) Equation (17) (all + 20c• 7~xxx(0; 0, 0, 0) 

H2 1"14011 1"149 0'993 0"061 0"292 
D 2 1"104t[ 1"110 0"994 0"059 0'286 
N 2 0"506�82 0.506 1.000 0.039 0.094 
0 2 0'734�82 0"734 1 "000 0.089 0.141 

~" Equation (18) is essentially the classical limit of the quantum mechanical expression 
given by equation (17), so this ratio is a measure of the size of quantum effects. 

This ratio measures the relative size of the second and zeroth rank tensor components 
contributing to 7 v. 

w The electronic contribution 7 e is obtained from [18] and [22]. 
II The ab initio transition polarizabilities :tva ' v,a, from [20] have been used. 
�82 The J-averaged transition polarizabilities given in table 2 have been used. 
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Vibrational hyperpolarizabilities 73 

in (all -- a• evaluated by equat ion (18) are in error  by + 8 ,  + 5 ,  +0"5 and +0"3 
per  cent for HE,  D2 ,  N 2 and O2,  respectively,  as compared  to the results of  
equat ion (17), these terms only make a small cont r ibut ion  to the total. T h u s ,  no 
significant error  is incurred by  using equat ion (18) in place of  equat ion (17) unless 
the te rm in (all -- a• is required in particular.  

Also shown in table 3 is a compar i son  of  the vibrat ional  cont r ibut ion  and the 
electronic cont r ibut ion  [18, 22] to y, in the static limit. Typical ly ,  the vibrat ional  
cont r ibut ion  is about  10 per  cent  of  the total, which  is significant bu t  not  domin-  
ant. However ,  ab initio calculations for the H f  molecule  [23 -25 ]  show that  the 
vibrat ional  cont r ibut ion  is dominan t  in this case, amoun t ing  to more  than 90 per  
cent  of  the total 7. For  H~- the internuclear  b o n d  is m u c h  less stiff than for H2 ,  
which accounts  for the large enhancement  of  7 ". 

7. VIBRATIONAL HYPERPOLARIZABILITIES AT OPTICAL FREQUENCIES 

One  may  make use of  equat ion (18) to compare  the various nonl inear  optical 
processes at optical frequencies.  By direct  subst i tut ion of  the appropr ia te  fre- 
quency  arguments ,  the fol lowing result  is obta ined for the f requency  dependence  
of  the vibrat ional  cont r ibut ion  for C A R S  

7~x~(--2001 + 0 ) 2 ;  0 ) 1 ,  0 ) 1 ,  - - 0 0 2 )  = v . . . .  (0, 0, 0, 0) 

I { [  (0)k-- 0)2"]21-' [ (200,~21-' ~ 
x ~  2 1 -  + 1 -  - -  

\ 0001 / A \0001/  A )" 
(22) 

Several o ther  processes of  interest m a y  be evaluated by s imply  choosing suitable 
values of  0 1 and 0)2 - For  example,  for E S H G  one takes 001 = co and 0)2 = 0, while 
for T H G  one chooses 001 = 00 and 002 = -00  in equat ion (22). At  optical fre- 
quencies such that 001, 002 >> 0)ol the value of  y* will be reduced by  a factor of  
order  (001/0)1) 2 compared  to its static value, unless pairs of  field frequencies  sum 
to zero or  near to it. In  the later case 7* will have a value near its static l imit ing 
value. 

T h e  expression for the dc Ker r  hyperpolar izabi l i ty  doesn ' t  fit the pat tern  of  
equat ion (22) because Y~cKerr is defined as the difference between two tensor  
components .  T h e  definition reflects the fact that  the experimental  observable is 
an induced  birefr ingence.  T h e  expression for y~, Kerr is 

v 3 v v 7de Kerr --  ~ [~  . . . .  ( - - 0 0 ;  0,  0 ,  0)) - -  7 x . x ( - - 0 ) ;  0 ,  0 ,  00)] 

6 0) 2 - 

} 
T h e  value of  7~ Kerr is m u c h  smaller than 7~,xx(0; 0, 0, 0), even t hough  a pair 

of  f requencies  sums to zero, because of  a cancellation of  terms.  Also for this 
reason, the dc Ker r  hyperpolar izabi l i ty  has the peculiar p roper ty  that  the 
(all - ~• te rm will dominate  7~cKerr for optical f requencies  0) >) 00ol. Therefore ,  
if an accurate estimate of  7~cKer, is desired one mus t  use equat ion (17) for the 
calculation, rather than equat ion (18) f rom which  equat ion (23) has been 
obtained.  Similar considerat ions  apply to the ac Ker r  effect [7(--0)2; 001, 
-00~, 009]- 
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74 D . P .  Shel ton  

Table 4. Vibrational contributions to the hyperpolarizability at optical frequencies. The 
fundamental optical field frequency is v 1 = 15800cm -1 ( ) .=633nm) .  For the 
CARS case the second optical field frequency is v a = v 1 - 2500 cm-~. The y~ are 
calculated using equation (18). For comparison, y ~  5 • 10-62C4m4j  -3 for the 
molecules considered. 

]~V/l 0 -  62 C 4 m 4 J  - 3  

Molecule Vol/cm- 1 dc Kerrt  DFWM~ CARSw ESHG II T H G � 8 2  

H 2 4156 -0"032* +0.759 +1'194 -0 .042  - 0 ' 0 2 0  
D 2 2998 +0.007* +0.737 +2-426 -0 .020  --0.010 
N 2 2331 +0"003* +0-336 --2.231 --0.006 --0.003 
0 2 1555 +0'038* +0.489 -0 .310  -0 .004  --0.002 

~" 3/2[y~xxx(--co; 0, 0, co) -- 7~yyx(--co; 0, 0, co)], see equation (23). 
3~ Y~xxx(--co; co, co, --co), see equation (22). 
w Y~xxx(--2col + ~ ~ col, --co2), see equation (22). 
II Y~xx(--2co; co, co, 0), see equation (22). 
�82 7~xxx(--3co; co, co, co), see equation (22). 
* The dc Kerr hyperpolarizability is particularly sensitive to the approximations made 

in order to obtain equation (18) from equation (17). Using equation (17) one obtains 
7v/10-6/Cam4J-3 = -0.041,  +0-001, +0.003 and +0.038 for Hz, D2, N 2 and O2, 
respectively, at 293 K. The calculation uses the ab initio ~ j .  ~'s" and coos. v'a' of [20] for H 2 
and D 2 and the J-averaged transition polarizabilities given in table 2 for N 2 and 02 �9 

In  table 4 are presented  the values of yv calculated for five representa t ive  
non l inea r  optical processes, for l ight of wavelength  633 n m  inc iden t  on the mol -  
ecules H 2 , D : ,  N z and 02  �9 As expected, y v is negative and very small  for E S H G  
and T H G .  We note  in passing that  the calculated 7 v for E S H G  has been experi-  
menta l ly  verified for H 2 and D 2 [18].  T h e  calculated ~ for the de Ker r  effect is 
also of about  the same magn i tude ,  bu t  it has the opposi te  sign. In  contrast ,  the ~ 
for degenerate  four wave mix ing  (i.e. the non l inea r  refractive index) D F W M ,  is 
near ly  as large as the static value of 7 ~. Final ly ,  one sees f rom table 4 that  7 v for 
C A R S  may  be larger than the static value of 7 v even when the f requency  differ- 
ence 0)1 - -  O)2 is t uned  more  than  1000 c m - 1  off resonance.  Even  far off resonance 
the value of ~ARS may be qui te  comparable  to re. I t  has been suggested [8] that  
the resonant  C A R S  ampl i tude  could be cal ibrated against  the n o n r e s o n a n t  back- 
ground:  T h e  above cons idera t ions  indicate  that  care m u s t  be taken in deal ing with 

the broad,  s t rong wings of the v ibra t ional  resonance if such a procedure  is to be 
implemen ted .  

8. DISCUSSION 

So far we have restr icted our  cons idera t ion  to homonuc lea r  d ia tomic  mol -  
ecules for reasons of s implici ty.  T h e  ques t ion  na tura l ly  arises as to whether  the 
above der iva t ion  may  be ex tended  to more  compl ica ted  molecules,  and  as to 
whether  the behav iour  of ?v for homonuc l ea r  dia tomic molecules  i l lustrates the 
essential features and rela t ionships  which exist in the more  general  case. T h e  
special features of homonuc lea r  dia tomic molecules  which make the t r ea tmen t  
especially s imple are that  the v ibra t ions  are total ly symmetr ic ,  there is no per-  
m a n e n t  dipole m o m e n t  and the angular  m o m e n t u m  vector has a fixed or ien ta t ion  
with respect to the molecular  axes. P rov ided  one considers  only those v ibra t ions  
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Vibrational hyperpolarizabilities 75 

for which there is no nonvanishing dipole matrix element between states of the 
ground rotation-vibration manifold (i.e. infrared inactive vibrations), the exten- 
sion to symmetric top molecules is straightforward [10]. Thus,  the 7 v for the 
breathing vibrational mode (only) of CO 2 or CH 4 would be quite similar in form 
to the expressions obtained above. 

However, for an infrared active molecular vibration the transition polarizabil- 
ity of equation (3) will no longer be a good approximation to the factors in 
equation (2 a), especially if the optical field frequencies are near vibrational tran- 
sition frequencies. Furthermore,  for a molecule with a permanent dipole moment  
equation (1) is no longer adequate [5]. In these cases one expects 7 v to be 
enhanced, perhaps dramatically, as compared to yv for a homonuclear diatomic 
molecule. This is consistent with the results of the approximate calculations that 
have been done for the series of fluorinated methanes [9], and which suggest that 
in the static limit ?v may dominate 7 e for many polyatomic molecules. In order to 
quantitatively assess the effect of the restriction to homonuclear diatomic mol- 
ecules in our derivation, an extension is warranted. An extension of the above 
treatment to consider more general linear molecules is probably the most tractable 
alternative. The two cases of particular interest would be the symmetric, linear 
triatomic molecule (e.g. CO2) , which would show the effect of infrared active 
vibrations in the absence of a permanent dipole moment,  and the heteronuclear 
diatomic molecule (e.g. HCI), which is the simplest molecule with a permanent 
dipole moment.  In fact, a detailed calculation of 7 v for the dc Kerr effect in CO 2 
has recently been performed [26] which demonstrates that the additional terms 
which arise for 7 v of CO 2 are at least as large as those given by equation (23). 
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