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The hyperpolarizabilitiesg of CH4, CF4, and SF6 were measured by the dc Kerr effect at
wavelengths from 457.9 to 1092 nm. Vibrational hyperpolarizabilitiesgv were obtained by
combining these measurements with electric-field-induced second harmonic generation~ESHG!
measurements. The vibrational contribution to the hyperpolarizability ranges from 6% to 35% of the
total. At high optical frequency the difference betweengv for Kerr and gv for ESHG is
approximately constant, and has values 18, 31, and 51310263 C4 m4 J23 for CH4, CF4, and SF6,
respectively. The experimental results are in good quantitative agreement with the results of recent
ab initio calculations of the frequency dependence ofgv for CH4, except for a small but
non-negligible discrepancy at high frequency. ©1996 American Institute of Physics.
@S0021-9606~96!00207-9#

I. INTRODUCTION

There has been much recent theoretical and experimental
interest in the nonlinear optical~NLO! properties of
materials.1–3 The motivation for these studies ranges from
the testing ofab initio calculations of molecular properties,
to the development of materials suitable for NLO device ap-
plications. A wide range of NLO effects are mediated by the
molecular hyperpolarizabilities~which also play a role in
intermolecular interactions!. The hyperpolarizabilities of a
given order for a particular molecule are all intimately re-
lated, being instances of a single function which depends on
the electric field oscillation frequencies and polarizations.
The relationship between the second hyperpolarizabilitiesg
for different NLO processes is one focus of this work.

Here we present dc Kerr effect~electric-field-induced
birefringence! measurements of the hyperpolarizability
g~2n;0,0,n! at several optical frequenciesn, which are com-
pared with previous electric-field-induced second harmonic
generation~ESHG! measurements ofg~22n;n,n,0!. The hy-
perpolarizability function for a particular molecule is deter-
mined by the combined electronic and nuclear motions, but it
is convenient to partitiong into electronic, vibrational, and
rotational contributions. The electronic hyperpolarizability
ge, that is the hyperpolarizability in the absence of nuclear
motions, has a very simple form at frequencies far below the
first electronic resonance. The dispersion function for the
zzzzor i component of the orientationally averaged elec-
tronic hyperpolarizabilityge is given by
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for the two processes will follow the same dispersion curve
at frequencies low enough that theCnL

6 and higher terms are
small. This is the case for all the measurements considered
here.

The nuclei as well as the electrons move in response to
the applied electric fields, and the vibrational hyperpolariz-
ability gv accounts for the effect of the nuclear vibrational
motions. In the static limit,gv is comparable to or even
much larger thange in magnitude. The frequency depen-
dence ofgv is more complicated than that ofge because the
range of vibrational resonance frequencies usually overlaps
the range of the relevant oscillation frequencies~the applied
field frequencies, their harmonics, and their sums and differ-
ences!. The magnitude ofgv can be quite different for dif-
ferent NLO processes, and there is a tendency forgv to be
larger when the NLO process involves applied static fields.
Recently there has been developed a theoretical method
which is suitable for the calculation ofgv as a function of
frequency for polyatomic molecules,5 but as yet there are
few experimental results with which to test these calcula-
tions.

In these experiments we have chosen the molecules
CH4, CF4, and SF6 because there is no rotational hyperpo-
larizability contributiongR to complicate the measurements
and analysis for spherical-top molecules. Comparison of the
Kerr results with accurate, already available ESHG data is
expected to provide a good measure ofgv, and these mea-
surements will be used to test a recent calculation ofgv for
CH4.

6 This sort of treatment was first carried out by Elliott
and Ward.7 The accumulation of experimental hyperpolariz-
ability data and progress with the computation of vibrational
hyperpolarizabilities during the intervening decade now al-
lows us to push the treatment much further.

II. EXPERIMENTAL METHOD

The apparatus and techniques for gas-phase dc Kerr
measurements with nanoradian sensitivity and 0.1% accu-
racy have been previously described.8–10 The gas Kerr cell
~GKC! is placed between crossed polarizers and is probed by
a laser beam. The experiment measures the birefringence in-
duced in the gas sample placed between plane parallel elec-
trodes in the GKC, when an electric potential difference is
applied between the electrodes. The retardationf induced in
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the GKC is calibrated by comparison with the retardation
induced in a liquid Kerr cell~LKC! containing CS2, also
placed between the crossed polarizers. The LKC is abso-
lutely calibrated by comparing its effect with the effect of
rotation of the analyzing polarizer. The effective hyperpolar-
izability of the sample molecules is given in terms of the
known geometry of the apparatus and the measured signals
S, voltagesV, and sample densityr, by9

geff
K 5L0

22Ln
22 3e0l0d

2

pD

FLKL

r

VL
~0!VL

~v!

VG
~0!VG

~v!

SG
~v!

SL
~v! , ~2!

whereLn5(nn
212)/3 is the Lorentz local field factor for gas

of refractive indexnn , n is the light frequency, andl0 is the
light wavelength in vacuum,d andD are the GKC electrode
spacing and effective length,FLKL is the LKC calibration
factor, andv is the ac modulation frequency. Because there
are strong intermolecular interaction effects,geff

K is measured
over a range of sample densities and extrapolated to zero
density to obtaing. Figure 1 shows typical measurements
made atl5632.8 nm.

Measurements were made over the rangel5457.9–
1092 nm using several lasers~Ar1, 457.9, 488.0, 514.5, 1092
nm; He–Ne, 632.8 nm; dye, 589.0, 763.5 nm! with a typical
beam power at the sample of 3 mW. Except at 1092 nm,
where the electro-optic stabilizer could not be used, the mea-
surements of the retardation were at the shot-noise-limit of
about61 nrad. The GKC retardation was in the range 100–
3000 nrad for samples with densities in the range 80–4500
mol/m3. All measurements were made at aboutT523 °C.
Gas densities were determined from the measured pressure
and temperature using the virial equation of state,11 and local
field factors were evaluated using tabulated refractive
indices.12 The reproducibility of geff

K measurements at

l5632.8 nm for CH4, made over a span of several years
during which time the apparatus was completely disas-
sembled, was60.2%.

Since there are inconsistent results in the literature for
the dc Kerr effect,13–16special care was taken to understand
and eliminate systematic error sources in these experiments.
Our apparatus operates over a wide wavelength range by
eliminating the usual quarter-wave-plate, at the expense of
making the LKC calibration very sensitive to uncompensated
stray retardation. Our techniques are adequate to keep poten-
tial systematic errors due to this source below the 0.1% level,
and the uncertainties due to the other quantities appearing in
Eq. ~2! are also readily assessed and controlled. Another im-
portant source of systematic errors and irreproducibility in
the dc Kerr measurements is the extreme sensitivity to
sample contamination. The Kerr effect is much stronger for
anisotropic and dipolar molecules. For example, the Kerr
effect for CO2 is 30 times larger than for CF4, and for CH3Cl
it is 800 times larger. Just a few parts per million of impuri-
ties such as CH3Cl could significantly alter the experimental
results. High purity gases were used~minimum purity
99.999%, 99.97%, 99.95%, and 99.93% by volume for Ar,
CH4, CF4, and SF6, respectively!, and before filling with the
sample gas, the GKC was subjected to an extended bake-out
under vacuum to reduce outgassing from the cell walls. The
typical impurities in the source gases do not have large Kerr
constants, and introduction of high Kerr constant contami-
nants was carefully avoided. The maximum errors due to gas
impurities are 0.01%, 0.3%, 0.2%, and 0.1% for Ar, CH4,
CF4, and SF6, respectively. Kerr measurements were made
for Ar gas as a check.

III. EXPERIMENTAL RESULTS

The hyperpolarizability is obtained by fitting

geff
K 5a1br1cr2 ~3!

to the Kerr data, where the zero-density intercept isgK5a.
The three-body interaction termcr2 makes a small but sig-
nificant contribution to the fitted value ofgK, but the density
range of the present measurements is too small to accurately
determinec. Therefore, the value ofc has been constrained
using information from collision-induced light scattering
~CILS! measurements.17 The intensity of the depolarized
scattered light from a low density gas of spherical-top mol-
ecules is due to the polarizability anisotropy of pairs and
triplets of interacting molecules, and is just proportional to
br21cr3. The values ofc in our fits have been constrained
using the ratiosc/b determined from CILS measurements,
shown in Table I. The values ofb/a obtained from the con-
strained fits in this work agree with the values obtained in
previous work, also shown in Table I, except in the case of
argon. The discrepancy inb/a for argon is due to the trun-
cation of the fitting function at thebr term in the previous
work. The measured value ofb varies slowly with wave-
length. On the basis of the dipole-induced-dipole model one
predicts thatb}a(0)2a(n)2, so thatb is expected to vary
with wavelength due to the dispersion of the polarizability

FIG. 1. The effective hyperpolarizability measured by the dc Kerr effect
increases as the gas sample density is increased, due to intermolecular in-
teractions. For each gas, two sets of five data points taken atl5632.8 nm
andT523 °C on different days are shown, along with the fitted curve used
for the zero density extrapolation. The argon data extends to 4500 mol m23.
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a.13,15 The expected increases inb}a2 from l5633 nm to
458 nm are 3.5%, 1.8%, and 1.6% for CH4, CF4, and SF6,
respectively,12 consistent with the corresponding observed
increases, 166%, 665%, and 266%.

The results forgK obtained by extrapolating the present
data to zero density are given in Table II, along with results
of previous measurements. The present and previous results
are in agreement, except for the results of Dunmuret al.15

which fall about 20% low. The assigned error bars on the
present results are from 0.4% to 3.5%. The most extensive
and accurate data was taken atl5632.8 nm. The stated error
bars include both statistical uncertainties and an estimate of
systematic errors.

IV. ANALYSIS AND DISCUSSION

The results of these Kerr measurements and the previous
ESHG measurements18 are both plotted vsnL

2 in Figs. 2, 3,
and 4 for CH4, CF4, and SF6, respectively. Recalling Eq.~1!,

one sees thatge will follow a single curve for each gas, so
the difference between the Kerr and ESHG dispersion curves
is due to the vibrational hyperpolarizabilitygv. The gK

curves run roughly parallel to and about 6%–50% above the
gE curves. Thus,gv is nearly frequency independent and is
6%–50% as large asge at optical frequencies for these mol-
ecules. This qualitative behavior agrees with the theoretical
expectation thatgv tends to a constant in the high frequency
limit.

The detailed comparison of dc Kerr and ESHG results is

FIG. 2. Hyperpolarizabilities vs frequency are shown for CH4. Circles and
squares are dc Kerr and ESHG measurements, respectively. The error bars
on the ESHG measurements are smaller than the plotted symbols~typically
less than60.5%!. The lower solid curve is a fit of Eq.~1! to the ESHG data
~see Table III!. The lowest frequency ESHG data point is excluded from the
fit because of resonance with a nearby vibrational overtone, but the fitted
curve passes through the remaining 13 ESHG data points over the range
nL
255–273108 cm22. The other curves, labeledgeE, geK, and gK, are
calculated by combining ESHG experimental results withab initio results
for gv, as explained later in the text. Note that the curves forgeK andgeE

are almost indistinguishable.

TABLE I. Coefficients of the virial expansiongeff5a1br1cr2 describing
the density dependence of dc Kerr measurements, obtained from several
sources, are compared. Unless otherwise indicated the results are for
g5632.8 nm.

Molecule
Density range

~mol m23!a

b/a ~1025 m3 mol21! c/b ~1025 m3 mol21!

Kerra Kerr CILSb Kerrc

Ar 750–4500 8.960.3 7.561.2d 26.160.3
6.361.2c,f

CH4 260–800 19.660.2 2463c 28.260.6 21269
1862e

CF4 80–260 6562 63613c 21261 2565
54610e

SF6 80–270 32864 273643d 22864 221613
5406114c,f

aThe present work.
bReference 17;l5488.0 nm.
cReference 15.
dReference 13.
eReference 14.
fl5457.9 nm.

TABLE II. Hyperpolarizabilities measured by the dc Kerr effect.

lair
~nm!

nvac
~cm21!

gK

~10263 C4 m4 J23!

Ar
present previous

CH4

present previous
CF4

present previous
SF6

present previous

1 092 9 152 178.061.3 93.761.3 14265
763.5 13 094 185.061.0
632.8 15 798 77.860.6 7365a 191.460.7 18069b 96.160.4 9365b 142.460.8 146613a

7765c

589.0 16 973 195.361.7
514.5 19 430 75.562.2d 201.861.2 98.860.6 14864
488.0 20 487 204.961.5
457.9 21 831 7466c 209.560.9 192610c 100.460.5 77615c 15265 11968c

aReference 13.
bReference 14.
cReference 15.
dReference 16.
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slightly more complicated because the quantity actually mea-
sured in the Kerr experiment is a combination of tensor com-
ponentsgK53/2 (g i2g')

K rather than justg i
K, where'

denotes thezxxzcomponent of orientationally averagedg.
In the static limitgi/g'53 andgK5g i

K, but at optical fre-
quencies these relations are only approximate because of
small deviations from Kleinman symmetry. The deviation of
ge from Kleinman symmetry follows a dispersion relation

g i
e/g'

e53~11A* nL
21••• !, ~4!

where theory predictsAK* 5 2AE* .4 The results of ESHG
measurements19 of AE* are shown in Table III, along with
the coefficients of the dispersion curves18 fitted to the ESHG
data forg i

E. The electronic hyperpolarizabilitiesgeK for the
Kerr effect can be estimated using the expression

geK5~3/2!~g i2g'!eK5g i
eE@12~1/2!AE*nL

2#. ~5!

For Ar, whereg is entirely electronic and the deviations from
Kleinman symmetry are essentially negligible, one finds
agreement between the Kerr resultgeK577.860.6310263

C4 m4 J23 from this work and the ESHG result
geE577.060.4310263 C4 m4 J23 from the fitted dispersion
curve, at the common value ofnL

254.99153108 cm22. This
comparison for Ar serves as a check for systematic errors in
the dc Kerr measurements and also as a check of the theo-
retical relations betweengeK andgeE.

Recentab initio calculations ofgv for polyatomic mol-
ecules~NH3, H2O, CO2! at optical frequencies show that
eithergvK or gvE can be larger depending on the particular
molecule,20 contrary to the notion thatgv simply increases as
the number of zero field frequencies involved in the NLO
process.7 In the case of CH4, the combination of extensive
experimental Kerr and ESHG data and the recent calcula-
tions ofgv by Bishop and Pipin6 allows us to make a fairly
complete analysis of the relations between the two NLO pro-
cesses and to test the theoretical calculations ofgv.

Figure 5 shows the calculatedgvK and gvE dispersion
curves for CH4. The calculated values ofgv can be repre-
sented as a simple series in inverse powers ofnL

2 for n.8700
cm21, but at lower frequenciesgv has a more complicated
frequency dependence due to the resonances at molecular
vibration frequencies. The calculated static value ofgv for
CH4 is 55.25310263 C4 m4 J23. The geE dispersion curve
shown in Fig. 2 is obtained by subtracting calculatedgvE

from measuredgE and fitting a power series innL
2 to the

result. A simple power series innL
2 will be valid down to

n50 for geE but not forgE. ThegeK dispersion curve in Fig.
2 is obtained fromgeE by means of Eq.~5!. Finally, thegK

dispersion curve is obtained by addinggeK to gvK.
The calculated dispersion curve forgK of CH4, shown in

Fig. 2, passes close to the experimental measurements but
not through all the error bars. The discrepancy is 30% ofgvK

at the highest frequency. The experimental value for the dif-
ference (gK2gE), evaluated directly from the Kerr data

FIG. 3. Hyperpolarizabilities versus frequency are shown for CF4. Circles
and squares are dc Kerr and ESHG measurements, respectively. The error
bars on the ESHG measurements are smaller than the plotted symbols~typi-
cally less than60.5%!. The lower curve is a fit of Eq.~1! to 9 ESHG data
points over the rangenL

253–263108 cm22 ~see Table III!, while the upper
curve is obtained by a parallel displacement.

FIG. 4. Hyperpolarizabilities versus frequency are shown for SF6. Circles
and squares are dc Kerr and ESHG measurements, respectively. The error
bars on the ESHG measurements are smaller than the plotted symbols~typi-
cally less than60.5%!. The lower curve is a fit of Eq.~1! to 8 ESHG data
points over the rangenL

253–293108 cm22 ~see Table III!, while the upper
curve is obtained by a parallel displacement.

TABLE III. Coefficients of the dispersion curves obtained by fitting Eq.~1!
and Eq.~4! to the ESHG experimental results for Ar, CH4, CF4, and SF6 in
Refs. 18 and 19.

Molecule
gE

~10263 C4 m4 J23!
A

~10210 cm2!
B

~10220 cm2!
AE*

~10212 cm2!

Ar 72.75 1.066 2.033 20.160.3
CH4 161.5 1.532 4.334 23.360.3
CF4 61.4 1.145 0.498 20.560.5
SF6 89.1 0.500 2.124 11.660.5
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points and the fit to the ESHG data points, increases with
frequency and levels off at 1861310263 C4 m4 J23 at the
highest measurement frequency. In contrast, theab initio re-
sult for (gK2gE)5(gvK2gvE) decreases with frequency
and reaches a constant value 12310263 C4 m4 J23 in the high
frequency limit.6 Experiment and theory disagree as to the
size of (gvK2gvE) as well as itsnL

2 dependence.
There are several possible explanations for the discrep-

ancy. A problem with the experimental measurements is that
the ESHG data are sparse in thenL

2 range of the Kerr mea-
surements. While there are 14 ESHG data points, all but two
fall in the rangenL

2513–273108 cm22, and furthermore,
the lowest frequency ESHG data point~at l51319 nm! is
near a vibrational overtone frequency and so is expected to
fall off the simplegE dispersion curve fitted to the higher
frequency ESHG data. It is possible that the ESHG disper-
sion curve actually bends up in the gap between the present
data points in such a way that the calculatedgK curve passes
closer to the measured points. ESHG measurements in the
l5700–900 nm range would address this possibility. Note
that there is excellent agreement atl5632.8 nm where there
is an ESHG measurement at an almost matching value ofnL

2,
which removes the effect of uncertainties in shape of thegE

fitting function. Other possibilities which could account for
the discrepancy are unrecognized 2% systematic errors in the
highest frequency Kerr measurements, or 30% inaccuracies
in the calculated vibrational hyperpolarizabilities. Such inac-
curacies in the calculated values could arise because of the
limitations of the present calculations, which use~a! the SCF
method, which does not include electron correlation,~b! a
small basis set, and~c! a theoretical expression truncated at
second order in electrical and mechanical anharmonicity.

The theoretical prediction thatgv will tend to a constant

value at high frequencies holds only if one ignores the dis-
persion of the lower order electronic propertiesae, be, and
their derivatives with respect to the internuclear coordinates.
Theab initio values ofgv plotted in Fig. 5 are based on the
molecular property derivatives at zero frequency.6 Since the
calculations indicate that the@a2# terms dominategv for
CH4,

6 the dispersion ofa2 should increase the calculated
value ofgv by an additional 3.5% over the rangel5633 nm
to 458 nm.12 However, the effect of the dispersion ofa2 is
small, only accounting for about 1/8 of the observed discrep-
ancy.

For CF4 and SF6 the values ofgv are 3 and 5 times
larger, respectively, than for CH4. The vibrational frequen-
cies are now far below the lowest optical frequency in the
measurements, and so for CF4 and SF6 all the ESHG data
over the rangenL

253–293108 cm22 fits a simple dispersion
curve. Based on the assumption thatgv is constant, disper-
sion curves forgK which are parallel to the respective ESHG
dispersion curves have been drawn in Figs. 3 and 4. The Kerr
data falls above the parallel curves at the highest frequencies.
Assuming that the@a2# terms dominategv, one estimates that
the increases ingv due to the dispersion ina2 over the range
l5633–458 nm are 1.8% and 1.6% for CF4 and SF6,

12 con-
sistent with the observed 362% and 12610% increases in
gv. At l5632.8 nm the observed values of (gvK2gvE) are
3160.5310263 C4 m4 J23 and 5160.9310263 C4 m4 J23 for
CF4 and SF6, respectively. Previous semiempirical calcula-
tions of (gvK2gvE) at optical frequencies gave 16310263

C4 m4 J23 for CF4 ~Ref. 21! and 35310263 C4 m4 J23 for
SF6,

22 in rough agreement with the observed values. These
calculations indicate thatgvK and gvE at high frequency
have the same sign, and thatugvKu.ugvEu for CF4 but
ugvKu,ugvEu for SF6. However, these semiempirical results
may be unreliable because the cancellation of terms makes
them sensitive to imperfections in the input data and flaws in
the calculation. A reliable partition of (gvK2gvE) into gvK

andgvE awaits accurateab initio calculations.
In conclusion, these experiments measure vibrational hy-

perpolarizabilities which are 6%–50% of the size of the elec-
tronic hyperpolarizabilities at optical frequencies for small
polyatomic molecules. The size ofgv increases as the mo-
lecular size increases and as the molecular vibration frequen-
cies decrease. The experimental results are in good quantita-
tive agreement with the results of the recentab initio
calculations of the frequency dependence ofgv for CH4,
except for a small but non-negligible discrepancy at high
frequency. Discovery of the reason for the difference is made
difficult in the case of CH4 because high frequency vibra-
tional resonances complicate the dispersion curves, and be-
cause the entire vibrational contribution is only 6% of the
total hyperpolarizability. In contrast, the Kerr and ESHG dis-
persion curves for CF4 are simple andgv is a large fraction
of g, so the experimental data for CF4 should provide a criti-
cal quantitative test ofab initio calculations ofgv for this
molecule.

FIG. 5. The circles and squares areab initio values ofgvK andgvE for CH4

calculated by Bishop and Pipin~Ref. 6! plotted vs frequency. The curves are
fits to the points for n.8700 cm21. The upper fitted curve is
gvK512.6028.309 nL

2221.868 nL
24 and the lower fitted curve is

gvE50.7347224.22nL
22213.07nL

24, with units gv~10263 C4 m4 J23! and
nL
2~108 cm22!.
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