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Cosmology NAME:

Homework 9: The Density of the Universe and Dark Matter

1. The virial theorem was first derived by Rudofl Clausius (1822–1888) in 1870 (before going off to serve
in the Franco-Prussian War) in the context of thermodynamics. A quantum mechanics version was
later dervived. Here we are only interested in the classical mechanics version for a system of interacting
particles that have arrived at a steady-state when averaged over time:

〈T 〉 = −
1

2

∑

i

〈~ri · ~Fi〉 ,

where averaging is over time, T is the total kinetic energy, the sum is over all particles i, ~ri is the position
vector of particle i relative to a general origin, ~Fi is the net force on particle i, and the right-hand side
is the virial or virial of Clausius itself. The term virial seems to have no meaning outside of the context
of the virial theorem.

If the only internal forces act and they are derivable from a single power-law potential energy with
power p that just depends on inter-particle separation, the virial theorem specializes to the power-law-
potential-energy form

〈T 〉 =
p

2
〈V 〉 ,

where V is the total potential energy. One can drop the angle brackets for the virial theorem if one
knows what one means.

a) The derivation of the virial theorem starts from the scalar rotational inertia formula

I =
∑

i

mir
2
i ,

where mi is the mass of particle i and note the position vectors are NOT from and perpendicular
to an axis as for the ordinary scalar rotational inertia, but from a general origin. If the system has
reached steady-state when averaged over time,

〈

dI

dt

〉

= 0 and

〈

d2I

dt2

〉

= 0 .

As a first step in the derivation, take the 2nd derivative of I/2 and substitute using ~pi = mivi,
Newton’s second law, and the kinetic energy formula. Then take the time average assuming time-
average steady-state to get the classical mechanics virial theorem.

b) Assume the system has only internal forces, where Fji is the force of paricle j on particle i. Use
some relabeling trickery and Newton’s third to obtain

∑

i

~ri · ~Fi =
1

2

∑

ij

~rji · ~Fji ,

where ~rji = ~ri − ~rj .

c) Assume all the internal forces can be derived from the same power-law potential energy dependent
only on inter-particle separation: i.e.,

~Fji = −
∂V

∂rji
r̂ji with Vji ∝ rpji .

Complete the the power of the power-law-potential-energy virial theorem.

d) Special the power-law-potential-energy virial theorem for the case of gravity.

2. The general differential equation for gravitational potential energy and the special case for a spherically
symmetric system are, respectively,

dU = V dm and dU = −
Gm(r)

r
dm ,
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where V is graviational potential and m(r) is the enclosed mass to radius r. In this problem, we
investigate the potential energy of spherical symmetric systems with power-law density profiles.

a) Given

ρ = ρR

( r

R

)p

, derive m(r) =
4πR3ρR
p+ 3

( r

R

)p+3

,

where R is the maximum radius and m(R) = M the total mass. Write out the total mass formula
M = m(R) explicitly. When will it equal the constant-density total mass formula? Under what
condition will m(r) diverge?

b) Now derive the formula for the total potential energy

U = −

(

p+ 3

2p+ 5

)

GM2

R
.

Under what condition will U diverge? Hint: Write dm in terms of dr.

c) How does f(p) = (p+ 3)/(2p+ 5) behave as a function of p?

d) Determine the special cases of f(p) for p with values −5/2, −9/4, −2, −1, 0, 1, 2, and ∞.

3. The (most common) astrophysical virial theorem formula is

σ2 =
GM

R
,

where σ is the dispersion (i.e., standard deviation) of line-of-sight velocities of a gravitationally-bound,
virialized (i.e., evolved to time-averaged steady state) astronomical system (most commonly a galaxy
cluster) relative to its center of mass within the virial radius, R is the virial radius defined to be where
σ(R) is a maximum, and M is the virial mass which is just a characteristic mass for the astronomical
system. Virial mass is a simple characteristic mass for comparison between astronomical systems. If
one wants a better determination of an astronomical system’s mass, one must do a more elaborate
calculation. The astrophyical virial theorem can be written in the fiducial-value form for galaxy clusters

M =
Rσ2

G
= 2.3251× 1014M⊙ ×

(

R

1Mpc

)(

σ

1000 km/s

)2

,

where the fiducial values have been chosen to be typical for galaxy clusters: diameters of order 2 to
10Mpc and velocituy dispersions of order 1000 km/s.

Given the gravitational virial theorem and the power-law gravitational potential energy formula
(with power p),

T = −
1

2
U and U = −

(

p+ 3

2p+ 5

)

GM2

R
,

derive the astrophysical virial theorem formula making reasonable assumptions as needed.


