0.1 lecture VII

0.2 Angular Momentum Coupling

Consider a Hilbert space spanned by a direct product of kets |jym; > |joms >
Jj1my are the angular momentum quantum numbers for particle 1 whereas
J2 mg are the angular momentum quantum numbers associated with particle
2. The dimension of this Hilbert space is (2j; + 1)(2j2 + 1). As an example
suppose we have two spin-1/2 particles i.e. j; = jo = 1/2. Then the kets
that span Hilbert space are
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These product state are eigenstates of the set of commuting
operators J2, JZ, Ji,, Jo, and we introduce the new notation

[Jrjemimg >= [jimy > |jamg > (2)

and we find (in this section, we set i = 1)

J12|j1j2m1m2 > = j1(J1 + 1)|jijemime >
J3|jijamime > = ja(jo + 1)|j1jamime >
Jiz|jijamime > = my|jijemimsy >

Joz|g1jemame > ma|j1jamims >

(3)

We also note that these kets are complete, i.e.

Z |71jemame >< momyjeji| = 1 (4)

mims

here the identity I is a direct product of I, the identity operator spanned in
the sub space of [jym; > and Is.



We now define new operators
J = J1 + J2 (5)

Since both J; and J; obey the angular momentum Lie algebra, and [J;1, Jjo] =
0, it is obvious that

(i, J;] = i€ijk - (6)

That is, J is also an angular momentum operator. It is called the total
angular momentum for the system. We proved in class that

[J2, I = [J%,J5] =0 (7)

and
(], 7] = [J,J3]=0 (8)
[ d%) = 0 ©)

or the set of operators J?,J,,J?Z, J2 are mutually commuting. Thus they
have common eigenstates itemized by the quantum numbers [jmj;jo > so
that

J?imjije > = j(j+1)|jmiige >

J.ljmjijo > = m|jmjije >
Jilimgige > = (i + 1)|[imgige >
J2imjige > = ja(jo + 1)|jmsrge > (10)

We now ask the question: What is the relationship between the eigenstates
|jm_]1_]2 > and |j1j2m1m2 > 7
Since the states |jijomimy > are complete we have

lgmjije > = I|jmjijs >
imjige > = Y |jijemama > (< mamajoji|imyije >) (11)
mi1ms9

where we have used Dirac’s associative axiom. The coefficient < momy joj1|jmjije >
is called a Clebsch-Gordon coefficient. In modern applications it is com-

mon to use the 3j symbol. A 35 symbol is related to the Clebsch-Gordon
coefficient via

< momy joj1|jmyije >= (_1)j27jrm\/ 25 +1 < 2 ) (12)

my Mo —M
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In most instances, for arbitrary values j, m, 71, j2, m1, ma, the 35 symbols
vanish. Selection rules help us determine what values for these parameters
result in a non-trivial value for the 35 symbol.

Consider the operator J, acting on |jmjijs >,

Jo\jmjije >=m|jmjijp >=
m Y |jijemime >< mamajfodi|jmyije >=

mimsa

Z (my 4+ ma)|j1jamime >< mamy joji|jmjija > (13)

mim2
which can only be satisfied if m = m; + mq or m; + my — m = 0. Thus
(]1 J2 ]3)20 (14)
m; Mo M3

iffm3+m1+m2 =0.
Using this we can re-write the above relations

lgmjije > = Y |jijemam —my > (< m —mamajagi|imgije >) (15)
mi
or
gmjije > = Y |jijem — mamy > (< mam — majaji|jmyije >) (16)
ma
Now
—n<m <J
—J2 <mg < Jo
but
mi+me=m
SO

—n<m-—mg<j
—J2<m—my < Jp

Lets take m to have its maximum value 7, and my, ms to have their maximum
values 71, jo. Thus

“n1<Jj—702<n
—2<71—=71 <7



or
J2—=Nn<J< i+
=72 <J<Jja+n

which is equivalent to
11— Jo| < J < g1+ Je

This is called the triangle condition and sometimes it is written as A(j7172)-

Since the eigenvalues j differ by an integer, the above condition allows pos-
sible values

J=J1+7j2, j1+je—1, j1+j2— 2...|j1 — Jol (17)

Thus we find that

(]ﬁ J2 j3):0 (18)

my Mo Mg

unless mg + my + my = 0, and A(jj172)-
There are other important relations that the 35 symbols satisfy including
(orthogonality relations),

Z(2j3+1)(j1 J2 U3 ) (j1 J2 U3 ) — §(ma, m})5(ma, mb) (19)

! !
jomns my Mo 13 m; My M3

and

) <j1 J2 U3 ) (jl Jo U3 ) _ 6(ms, m3)6(js, j3) (20)
e \m1 Mg My mp me My (275 + 1)

These relations can be used (can you show this?) to derive the inverse rela-
tion

- N~ i 3] T g)
|71jomime > Z( 1) \/2]+1(m1 My —m |71j2gm > (21)

jm

0.2.1 More than 2 angular momenta

In the previous section we showed that we can form a total angular momen-
tum operator composed as the sum of the two constituent angular momenta.
We can generalize this procedure for any number of particles. Suppose we
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have three particles and the three angular momentum operators Ji, Jo, J3.
We can first couple the angular momentum for particle 1 & 2 or

J12 = J1 + J2 (22)

and we can think of Ji5 as the total angular momentum operator associated
with the sub-system composed of particle 1 & 2. We now add Ji5 with J3
to form the total angular momentum for all three particles,

J = J12+J3 (23)

We can show, as in the previous section, that the set of operators
J% J,, J%, J2, JZ mutually commute. Therefore we can define an eigenstate

lim; (J12) 17273 >
where the notation is an straightforward generalization from that discussed

in the previous section. Alternatively, we can find the mutually commuting
set J2,J,, J5, J2, J2, J? with eigenstates

l7m; (G23) J1J2Js >

Because the first set of angular momentum operators does not commute with
the second set,

[Jm; (Jiz2)d1d2ds ># |3ms; (J23)J1d23 > (24)
However, the kets can be written as a linear combination of each other, i.e.

‘jljzjg(jég)j >= Z(_l)jl+j2+j3+j X

J12

V(212 + 1)(223 + 1){ Lz }uljz(ju)jsj > (25)
J3 7 J23

JiJ2 g

Js J  J=
is called a 65 symbol. It is also related to (older literature) the Racah W
coefficient. The 65 symbol has numerous symmetries and selection rules. For

a given symbol
i J2 I3
{h L 13} (26)

The quantity



we require the conditions,

A(jig2ds),  Dlhlegs), Allgels),  A(jilels)

for it to be non-vanishing.



